We discuss the classical statistics of isolated subsystems. Only a small part of the information contained in the classical probability distribution for the subsystem and its environment is available for the description of the isolated subsystem. The "coarse graining of the information" to microstates implies probabilistic observables. For two-level probabilistic observables only a probability for finding the values one or minus one can be given for any micro-state, while such observables could be realized as classical observables with sharp values on a substate level. For a continuous family of micro-states parameterized by a sphere all the quantum mechanical laws for a two-state system follow under the assumption that the purity of the ensemble is conserved by the time evolution. The correlation functions of quantum mechanics correspond to the use of conditional correlation functions in classical statistics. We further discuss the classical statistical realization of entanglement within a system corresponding to four-state quantum mechanics. We conclude that quantum mechanics can be derived from a classical statistical setting with infinitely many micro-states.
I. INTRODUCTION
Quantum statistics is often believed to be fundamentally different from classical statistics. In quantum statistics, the complex probability amplitudes and transition amplitudes play a key role. Probabilities only obtain as squares of the amplitude, and this gives rise to spectacular phenomena as interference and entanglement. In contrast, classical statistics is directly formulated in terms of positive probabilities. Furthermore, unitarity is the most characteristic feature of the time evolution in quantum mechanics. This aspect is not easily visible in the time evolution of classical probabilities. Finally, the quantum mechanical uncertainty principle is based on the non-commutativity of the operator product, while the pointwise product of observables in classical statistics is obviously commutative.
We argue that the difference between quantum statistics and classical statistics is only apparent. We demonstrate that quantum mechanics can be described as a classical statistical system with infinitely many states. In this paper we mainly concentrate on a system that is equivalent to a two-state quantum system. We consider discrete observables that can only take values ±1. They correspond to the spin operators of the equivalent quantum system. We will obtain the characteristic features of non-commuting spin operators in a classical setting. All the usual uncertainty relations of quantum mechanics are directly implemented. We also generalize our setting to a classical ensemble which is equivalent to four-state quantum mechanics. This allows us to describe the classical statistical realization of entanglement and interference.
We formulate the condition for the time evolution of our simplest classical ensemble that leads to the unitary transformations characteristic for the quantum evolution. It involves the concept of purity of a statistical ensemble. A purity conserving time evolution in classical statistics is equivalent to the unitary time evolution in quantum mechanics. Pure classical states are those where one of the discrete observables takes a sharp value, say +1. This means that the probability vanishes for all states where the value of the observable takes a value different from one. Pure classical states correspond to pure quantum states and can be described by a wave function. We derive the von Neumann and Schrödinger equations for these states.
We take here the attitude that the basic description of reality should be probabilistic, while an (almost) deterministic behavior arises only in limiting cases. In particular, we do not attempt a deterministic local hidden variable theory. However, even on the level of a probabilistic theory it is widely believed that quantum mechanics needs statistical concepts beyond classical statistics, while we argue here that the classical statistical concepts are sufficient and quantum mechanics can emerge from a classical statistical probability distribution.
In particular a classical statistical setting admits the definition of different conditional correlation functions for the description of the outcome of sequences of measurements. This takes into account that measurements can change the state of the system, and that this change may depend on the type of measurement. For a two-state system only one particular conditional correlation function allows predictions which use only the information available within the two-state system, without invoking information from the environment. This conditional correlation differs from the classical correlation which is based on joint probabilities.
The reader may cast strong doubts about these statements from the beginning. The big conceptual puzzles of quantum mechanics, as the Einstein-Rosen-Podolski paradoxon [1] , have triggered a lot of attempts to replace quantum mechanics by a more fundamental deterministic theory. Based on Bells inequalities [2] for correlators of entangled states it was argued that such attempts cannot succeed, since quantum correlations contradict either realism or locality. We will argue in the last section that both locality and a version of "probabilistic realism", where the elements of reality can be described by correlation functions as well as values of observables, can be maintained. However, the classical statistical systems which describe quantum systems miss another property that is usually implicitly assumed in the derivation of Bell's inequality, namely the property of "completeness" of the statistical system. Here a statistical system is called complete if joint probabilities for the values of all pairs of observables are defined and if the "measurement correlation" for pairs of observables is determined by those joint probabilities. We argue that the subsystems which show quantum mechanical properties are described by "incomplete statistics" [3] in this sense. This is closely related to a "coarse graining of the information" if one concentrates on properties only involving the subsystem.
It can be shown [4] , [5] , [6] , [7] that Bells inequalities apply if two measurements are appropriately described by the classical correlation function A · B for two observables A and B. The "classical" or "pointwise" correlation function A · B means that the observables A and B have both fixed values in a state of the ensemble, which are multiplied and averaged over the ensemble. Such systems are statistically complete. Deterministic local "hidden variable theories" usually assume this property. While Bell's inequalities indeed exclude such deterministic local hidden variable theories, they are not necessarily in contradiction with a classical statistical formulation of quantum mechanics which employs conditional correlations.
II. OUTLINE
Our classical statistical implementation of two-state and four-state quantum mechanics is based on four main ingredients: (i) The quantum system is described by an isolated subsystem of a classical statistical ensemble with infinitely many degrees of freedom. It can be characterized by a restricted set of probabilistic observables. (ii) The state of the subsystem is determined by the expectation values of a set of "basis observables". (iii) Conditional correlations, which can be computed from the state of the subsystem, describe the outcome of sequences of measurements. (iv) The unitary time evolution of the subsystem is implemented by particular properties of the time evolution of the probability distribution of the classical ensemble.
The concept that is perhaps least familiar is the use of conditional correlations in a classical statistical ensemble. Indeed, within classical statistics one can define correlation functions different from the classical or pointwise correlation. We advocate that the outcome of two measurements of the observables A and B should not be described by the pointwise correlation A · B , but rather by conditional correlations A • B , which are related to a different product structure A • B. This can best be understood for two subsequent measurements. In general, the first measurement "changes the state of the system" by eliminating all possible sequences of events which contradict this measurement. The second measurement is performed with new conditions, depending on the outcome of the first measurement. The idealized situation where the effect of the first measurement on the state of the system can be neglected may be realized for some large systems as classical thermodynamics, but not for systems with only a few effective degrees of freedom, as often characteristic for those described by quantum theory. If the outcome of the first measurement matters for the second, conditional probabilities should be used. Conditional correlations require a specification of the state of the system after the first measurement. The underlying elimination of possibilities contradicting the first measurement is not unique, however. We argue that for proper measurements of properties of the (sub-) system only information available for the system should be employed for the specification of the state after the first measurement. The details of the state of the environment should not matter. This excludes the use of the classical correlation function, except for certain special or limiting cases.
We define within classical statistics a "conditional product" A • B of two observables, and the associated "conditional correlations". They only involve information available for the subsystem. We show how to express the conditional correlation functions in terms of quantum mechanical operator products. The conditional correlations for classical probabilistic observables equal the appropriate conditional correlations defined in quantum mechanics. If the correct conditional correlations are used for a description of two consecutive measurements, we obtain the same results for the classical statistics and the quantum description. No conflict with Bells inequalities arises for the classical statistics implementation of quantum mechanics. We propose that the conditional correlation or "quantum correlation" should be used for the general description of two measurements in classical statistics, and not only if two measurements are clearly separated in time. The perhaps more familiar classical correlation arises from the quantum correlation only for appropriate limiting cases.
We do not consider the present work as only a formal or mathematical reformulation of quantum mechanics. We have a rather physical picture in mind, where the classical statistical setting describes an atom simultaneously with its environment. This is analogous to the role of an atom in quantum field theory, where it appears as a particular excitation of a highly complicated vacuum -its "environment". Quantum mechanical properties can arise when the statistical description focuses on the atom and discards all information pertaining to the environment. Typically, the state of the atom is described by only a few quantities. In the simplest case of an atom with spin one half in the ground state, the (sub-) system will be described by only three real numbers ρ k (neglecting the motion of the atom in space and excited energy levels). One therefore is interested in possible observables -and structures among them -that can be described in terms of the reduced information contained in ρ k , rather than involving the full information contained in the classical probability distribution which describes both the system and its environment.
The embedding of the quantum mechanical concepts within a more general classical statistical setting, which also includes the environment, permits us to ask new questions. What are the particular conditions for a quantum mechanical description to hold? Why do we observe all small enough systems in nature as quantum systems? We advocate that the unitary time evolution in quantum me-
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The notion of micro-states is introduced in this paper partly for purposes of gaining intuition. It demonstrates in a simple way how the notion of probabilistic or fuzzy ob- 1 In this context it may be interesting to compare our setting for probability distributions and observables to the so called "classical extension" of quantum statistical systems [9] , [11] . This mathematical approach shows certain similarities, but also important differences to our setting. For a "classical extension" one constructs a probability distribution for classical states which correspond to the pure quantum states [12] , and one extends the notion of observables such that two observables which correspond to non-commuting operators in quantum mechanics become comeasurable. (As an example, the extension provides the joint probability for two spin components Sx and Sz to have both the value up or +1. Such a joint probability is not available in quantum mechanics.) In our approach, comeasurability is not given on the level of micro-states, even though we may construct on this level probability distributions on the manifold of pure quantum states. Instead, we can realize comeasurability on the level of the classical substates which describe the system and its environment. However, only a submanifold of the possible probability distributions for the substates can be mapped to the quantum states. (It may nevertheless be possible that one can formally construct a "classical extension" also in our approach -so far this does not play a role for the description of the system.)
servables, which is characteristic for observables in a quantum state, arises naturally in a classical statistical setting. Alternatively, our approach could proceed directly from classical states with fixed values of classical observables (the substates in this paper) to the quantum system. This procedure is followed in refs. [14, 15] , where the mathematical structures underlying our concepts are discussed in more detail. In ref. [15] we also give simple explicit realizations of the classical statistical ensembles which describe the quantum system and its environment. In a formulation based on the substates the notion of micro-states needs not to be introduced and one can proceed directly to the quantum states of the subsystem. The setting is then simply classical statistics with all classical observables taking fixed values in all states. Nevertheless the notion of micro-states and probabilistic observables may be considered as a useful way to organize the statistical information for certain specific systems. The mapping from the classical observables on the substate level to the probabilistic observables on the micro-state level is not invertible. We will see that the operators in quantum mechanics correspond to the probabilistic observables. Due to the lack of invertibility no map which associates to each quantum operator a classical observable exists. For this reason the Kochen-Specker-theorem [13] does not apply. On the other hand, the implementation of probabilistic observables as classical observables on the level of substates is actually not necessary. One may, alternatively, treat the probabilistic observables as genuine objects of a classical statistical description of reality. In this version the Kochen-Specker theorem finds no application because the classical observables do not have fixed values. A more detailed discussion of the properties of observables and states can be found in [14] , [15] .
Beyond a statistical setting for states and observables other key features of quantum mechanics have to be implemented in a classical statistical setting. This concerns, first of all, a prescription for predictions of the outcome of two (or more) measurements -an issue related to the concept of correlation and discussed extensively in this paper. Many physicists believe that a proper probabilistic setting for quantum mechanical observables is not the central distinction between classical statistics and quantum mechanics, but rather the issue of correlations. We share this opinion. Furthermore, one has to understand the quantum mechanical time evolution, starting from the time evolution of a classical probability distribution. This requires an explicit construction of the density matrix in terms of the classical probability distribution. At the end, the issue will be to understand how quantum mechanical behavior emerges for physical systems within a more general classical statistical setting.
The classical statistical description of quantum mechanics can be generalized to systems with more than two quantum states. In a four-state system we have described the phenomenon of entanglement between two two-state subsystems [16] . Entanglement is often believed to be the center piece of quantum statistics. It is a central issue of many theoretical discussions about the foundations of quantum mechanics, as decoherence [17] or the measurement process [18] , and it underlies the idea of quantum computing [19] . Spectacular experiments on teleportation [20] rely on it. A classical statistics description of entanglement may find useful practical applications and influence the conceptual and philosophical discussion based on this phenomenon. We give a short account of four-state quantum mechanics in the later part of this paper. There is no limitation in the number of quantum states M . Taking M → ∞ yields continuous quantum mechanics. In particular, the quantum particle in a potential has been described by a classical statistical ensemble in this way [21] . This paper is organized as follows. In sect. III we discuss the notion of probabilistic observables, with particular emphasis on two-level observables that may also be called spins. Sect. IV compares the realization of rotations in the classical and quantum statistical setting. The classical system needs an infinity of micro-states if a continuous rotation is to be realized. At least one "classical pure state" must exist for every rotation-angle. In sect. V we reduce the infinity of classical micro-states to a finite number of "effective states". All expectation values of the spin observables can be computed in the effective state description in terms of three numbers ρ k . The prize of the reduction is, however, that the "effective probabilities" ρ k are not necessarily positive anymore. In sect. VI we construct the density matrix ρ of quantum mechanics from the effective probabilities. We establish for our classical statistical ensemble the quantum mechanical rule for the computation of expectation values of observables, A = tr(Aρ).
Sect. VI turns to the issue of correlation functions and introduces the conditional product of two observables and the conditional correlation. The conditional two point function is commutative. This does not hold for the higher conditional correlation functions -the three point function is not commutative since the order of consecutive measurements matters. Sect. VII completes the mapping between classical statistics and quantum statistics. We introduce the wave function for pure states and relate conditional probabilities to squares of quantum mechanical transition amplitudes. We then derive the expression of the conditional correlations in terms of quantum mechanical operator products. The non-commutativity of the conditional three point function can be directly traced to non-vanishing commutators of operators. The derivation of these results demonstrates the use of quantum mechanical transition amplitudes for questions arising in a classical statistical setting. A simple example for a classical ensemble with a finite number of degrees of freedom is presented in sect. IX. It describes three cartesian spins without a continuous rotation symmetry.
In sect. X we deal with the time evolution. We define the purity P of a statistical ensemble -in our simplest case
A purity conserving time evolution amounts to the unitary time transformation of quantum mechanics. Furthermore, a more general time evolution of the classical ensemble can describe decoherence for decreasing purity, as well as "syncoherence" for increasing purity. We argue that the quantum mechanical pure states correspond to partial fixed points of the more general time evolution in classical statistics. In sect. XI we briefly discuss classical systems with a finite number of states N , which may be used to obtain quantum mechanics in the limit N → ∞. Sect. XII discusses the possible realizations of probabilistic observables. We generalize in sect. XIII our construction to classical ensembles that correspond to four-state quantum mechanics. We show the classical realization of entanglement, interference and the distinction between bosons and fermions. Finally, we summarize in sect. XIV the conceptual issues of realism, locality and completeness for statistical systems and discuss Bell's inequalities. Our conclusions are presented in sect. XV.
III. PROBABILISTIC OBSERVABLES
In this section we discuss the basic notion of probabilistic observables which do not have a sharp value in a given micro-state.
Expectation values
Consider a probabilistic system with N classical microstates, labeled by σ = 1...N , and characterized by probabilities p σ ≥ 0 ,
is specified by N real numbersĀ σ , such that the expectation value reads
In a given micro-state σ the classical observable has a fixed value, namelyĀ σ . The probabilistic nature of the system arises only from the probabilities to find a given micro-state σ. This concept can be generalized by introducing probabilistic observables, for which we can only give probabilities to find a certain value in a given micro-state σ. Probabilistic or fuzzy observables are well known in measurement theory and have been investigated for quantum and classical systems [8] , [9] . We give here a simple description of the properties relevant for our discussion. A probabilistic observable is characterized by a set of real functions w σ (x) ≥ 0, normalized according to dxw σ (x) = 1. The expectation values of powers of the probabilistic observables in a given micro-state σ obey
Correspondingly, the expectation values in a macro-state of the probabilistic system reads
Classical observables correspond to the special case
In this case all moments A Q σ are fixed in terms of the mean value in the micro-state σ, i.e. the moment for Q = 1 ,Ā σ = dxxw σ (x). In contrast, for the most general probabilistic observables the infinite set of moments A Q σ may be used in order to parameterize the distribution w σ (x). For the most general probabilistic observable much more information is therefore needed for its precise specification, namely infinitely many real numbers A Q σ instead of the N real numbersĀ σ for a classical observable. The probabilistic nature of the system is now twofold. It arises from the probability distribution w σ (x) to find the value x of the observable in the micro-state σ, and from the probability distribution for the micro-states, {p σ }, characterizing a given macro-state or ensemble. The relation (2) for the expectation value of A remains valid for probabilistic observables. However, the expectation values of higher powers A Q , Q ≥ 2, as given by eq. (4), may differ from classical observables (cf. eq. (5)).
2.
Two-level observables As a specific example for a probabilistic observable we concentrate in this paper on the bi-modal distribution
In any micro-state σ the observable can only take the values +1 or −1. In other words, for a given micro-state σ the observable is specified by the relative probabilities to find the values +1 or −1,
Thus N real numbersĀ σ are again sufficient to specify the "two-level observables" obeying eq. (6) . The moments are given by
implying for the macro-state
We may realize the ensemble or the macro-state by an infinite set of measurements with identical conditions. Each measurement realizes a particular microstate, and the p σ give the relative numbers how often a given micro-state σ is encountered in the ensemble. Since for any given micro-state the two-level observable can only take the values +1 or −1, the series of measurements of A will produce a series of values +1 or −1, with relative probabilities w ± = 1 2 (1 ± A ). This is an easy way to understand why A 2 = 1 for arbitrary {p σ }. The situation amounts exactly to a quantum mechanical spin 1/2-system, with an appropriate normalization of the spin operator, say in the z-direction,ŝ z = ( /2)Ŝ z : each measurement will give one of the eigenvalues ±1 of the operatorŜ z . We will see that the association of the probabilistic two-level observable A with a quantum-mechanical spin can be pushed much further than the possible outcome of a series of measurements. We will therefore often denote the two-level observables by "spins", but the reader should keep in mind that we treat here with purely classical probabilistic objects.
Two-level observables are the simplest non-classical probabilistic observables. By simple shifts they can be easily generalized to any situation where an observable can only take two values (two "levels") in any given microstate, like occupied / empty. One bit is enough for the possible values of the observable in a micro-state σ, say 0 for x = −1 and 1 for x = 1. Nevertheless, the specification of the probabilistic observable needs the real numbersĀ σ . Instead of a continuous distribution w σ (x) we can replace eq. (3) by a discrete sum
3. Substates A single two-level observable can be represented as a classical observable in an extended statistical system consisting of substates. As an example, we may associate all points within the circle in Fig. 1 
We next consider two micro-states σ = 1, 2. The first state (σ = 1) corresponds to a coarse graining where all points in the upper half plane are grouped together (shaded region in Fig. 1 ), while the second micro-state (σ = 2) combines the points in the lower half plane. The particular twolevel observable A
(1) remains a classical observable, with sharp values in the micro-statesĀ
We may also consider a second two-level observable A (2) for the decision between left and right. On the substate level it is again a classical observable, with A (2) τ = 1 for all points on the right of the vertical axis, and A (2) τ = −1 if the substates are represented by points on the left side of the vertical axis. On the level of the two micro-states, however, the observable A (2) has no longer sharp values. For σ = 1 (shaded region in Fig. 1 ) the micro-state groups together points from both the left and the right half. Typically, the observable A (2) has a distribution of values ±1 in this state, with |Ā (2) (σ=1) | < 1. Thus A (2) has to be described by a probabilistic observable on the level of micro-states.
We may label the substates τ according to the microstate σ to which they "belong", τ = (σ, t σ ). (Here t σ distinguishes the states that belong to a given micro-state σ. For example, t σ=1 are suitable coordinates for the points in the upper half plane in Fig. 1 .) If the probability distribution p τ on the substate level is known, the probabilities for the micro-states obey
The mean value of the observable A in the micro-state σ is given byĀ
where p(σ, t σ )/p σ specifies the relative probabilities of two substates t σ for a given σ. It is easy to verify that the ensemble average of A can be computed both on the substate or micro-state levels
For the observable A (2) we may compute the probability to find A (2) = 1 in a given micro-state σ as
where we have further decomposed the substates t σ as t σ = (σ ′ , s σσ ′ ) , σ ′ = (+, −). (The states with σ = 1 , σ ′ = + are represented by the points in the upper right quarter inside the circle of Fig. 1 .) Unless p(σ, −, s σ− ) = 0 for all substates (σ, −, s σ− ) one has w (2) σ+ < 1. Similarly, one finds w (2) σ+ > 0 unless p(σ, +, s σ+ ) = 0 for all corresponding substates. The probabilistic observable A (2) becomes deterministic in the micro-state σ (sharp value) only if w
we find consistency with eq. (7).
In the coarse graining step from substates to micro-states most of the information contained in the probability distribution p τ for the substates is lost. Instead of (infinitely) many numbers p τ only two numbers, w (1) + and w (2) + , are necessary to characterize the expectation values of the observables A (1) and A (2) and powers thereof. We will see later the correspondence between quantum states and microstates -in both types of states observables have genuinely a distribution of values rather than fixed values. The state of a two-state quantum system will be fully characterized by the expectation values of three basis observables A (k) . The coarse graining from the substate level to the microstates should be interpreted in an abstract sense rather than being associated to resolution in space. In a general sense, a quantum system can be regarded as an "isolated system" within its environment. For example, we may regard an atom as an excitation of the vacuum, similar to the conceptual setting of quantum field theory. The vacuum is a complicated system, involving infinitely many degrees of freedom, which may be associated to the substates τ . In contrast, an atom, say in the ground state which admits only two spin polarizations, involves only a few degrees of freedom. These degrees of freedom can be associated with an "isolated system" and will be represented on the level of micro-states with probabilistic observables.
As long as we consider only a single two-level probabilistic observable (say A (2) ) a minimal implementation as a classical deterministic observable does not require a large number of substates τ . It is sufficient to assume that each micro-state σ consists of two substates σ+ and σ−, for which the observable has either the sharp value +1 (for σ + ) or −1 (for σ − ). The probabilities for the substates are then given by
We emphasize that a representation of probabilistic observables as classical observables on a substate level is possible, but not necessary. We could also consider probabilistic observables as a basic, more general definition of observables and never refer to substates. This will be discussed in sect. XII.
Operations among probabilistic observables
Consider a probabilistic observable A with a discrete and finite spectrum of possible measurement values γ a . (The generalizations to a continuous or infinite spectrum are straightforward.) Besides the spectrum {γ a } a probabilistic observable is characterized by the associated probabilities w a (σ) for every micro-state σ. We can always define the multiplication with a constant c by A → cA : γ a → cγ a . Similarly, we may "shift" the probabilistic observable by adding a piece s proportional to the unit observable, A → A + s : γ a → γ a + s. More generally, we can define F (A) by γ a → F (γ a ). However, the sum of two probabilistic observables A, B is, in general, not defined. For different probability distributions w
b (σ) it makes no sense to "add the possible measurement values". For a similar reason the product of A and B is not defined for general probabilistic observables.
A special situation arises if the joint probability to find simultaneously a value γ is replaced by a.) We denote this probability by w ab (σ) and observe w a (σ) = b w ab (σ) , w b (σ) = a w ab (σ). In this case of "comeasurability" one may use the generalized definition
and similar for (f (A)) σ or (f (B)) σ . We can now define A + B by adding γ a + γ b , and AB by multiplying γ a γ b ,
This can be extended to general functions F (A, B) according to
We will see later that this special situation of comeasurable observables corresponds to commuting observables in quantum mechanics. On the other hand, the non-availability of a joint probability for general probabilistic observables will motivate us to describe sequences of measurements in terms of conditional correlations that do not involve the joint probabilities. This will turn out to be a basic ingredient for the violation of Bell's inequalities in quantum measurements. For the example in Fig. 1 the spectrum γ a of the observable A (1) consists only of two values ±1, and similar for γ b for A (2) . The joint probability w ++ (σ) for finding the values A
(1) = 1, A (2) = 1 can be defined on the substate level as
with w
σ+ given by eq. (14) . (For a minimal set of substates there is only one state (σ, +) and therefore no sum of s σ+ needed, w (2) σ+ = p(σ, +)/p σ .) The joint probability is available if one knows for each quarter of the circle the probability to be realized, i.e. if
are known. With
this requires the knowledge of three independent numbers. On the level of micro-states and probabilistic observables these three numbers are, in general, not available, since the state of the system may be characterized by only two numbers, A (1) and A (2) . We will discuss in sect. VII that the absence of knowledge of joint probabilities is a crucial aspect for the definition of correlations. The substate-probabilities (20) involve properties of the quantum system together with its environment. They are not accessible by measurements involving only the quantum system. In sect. XIII we will see the connection between the availability of information about joint probabilities in a quantum system and commuting quantum mechanical operators. For the systems investigated in sects. IV-XII the combined probability w ab (σ) for two independent probabilistic observables will not be available. This will be different in sect. XIII where we consider observables that correspond to commuting quantum operators. For such "commuting observables" the joint probabilities are available. However, not all observables of the four-state quantum system discussed in sect. XIII are mutually commuting. In sect. XIV we argue that the missing joint probabilities are the key for the understanding of characteristic quantum mechanical features as the violation of Bell's inequalities.
IV. SPIN ROTATIONS IN CLASSICAL STATISTICS
We may start with a single two-level observable or spin and a system with only two micro-states, i.e. the states (+)(σ = 1) and (−)(σ = 2), withĀ 1 = 1 ,Ā 2 = −1. The expectation value reads A = p 1 − p 2 . Since for all σ one has |Ā σ | = 1, this special case corresponds actually to a classical observable. The distribution (6) involves only one δ-function, w 1 (x) = δ(x − 1) , w 2 (x) = δ(x + 1). If we assign instead the valuesĀ 1 =Ā 2 = 0 we encounter a genuinely probabilistic variable, leading in this case to a random distribution of +1 and −1 measurements. Our example in Fig. 1 corresponds to this simplest case with two micro-states. The first (classical) two-level observable corresponds to A (1) , the second (probabilistic) observable to A (2) . An interesting case with two spin observables involves four classical micro-states, that we denote by (+ 1 ) or (π)(σ = 1) , (− 1 ) or (−π)(σ = 2) , (+ 2 ) or The corresponding values ofĀ (1) andĀ (2) are shown in the left half of Table I . The expectation values of the two spins obey We note that both A (1) and A (2) are truly probabilistic observables since in some micro-states they have a zero mean value and thus equal probability for +1 and −1 values. We could also include observables with opposite mean values. Since they are obviously just a multiplication of A (k) by −1, we will not discuss them separately.
On this level the probabilistic observables could again be expressed in terms of classical observables for a system with a higher number of states. We may assume that each microstate consists of four substates with fixed values for A (1) and A (2) , i.e. ++, +−, −+ and −−, such that we have a total of sixteen classical substates. Their probabilities can be denoted by p σ++ , p σ+− etc., with p 1++ = 
(Since for half of the substates the probabilities vanish we could actually use a minimal set of eight substates.) When we will later discuss the time evolution of the ensemble, we will keep the relative probabilities for the substates, i.e. the ratios p 1++ /p 1 , p 2+− /p 2 etc. fixed, according to the fixed entries in table I. This defines the notion of fixed probabilistic observables. Again, this discussion demonstrates how probabilistic observables can be implemented in standard classical statistics with classical observables. We emphasize, however, that such an implementation is not necessary and we will consider the probabilistic observables as genuine statistical objects.
For probabilistic observables we encounter features well known from quantum mechanics. There are states where a given observable cannot have a sharp value. For example, the spin A (2) has a mean value zero in the states (0) and (π). For p 1 ≡ p (0) = 1 , p 2 = p 3 = p 4 = 0, we find a maximum variance for A (2) , namely (A (2) ) 2 − A (2) 2 = 1. On the other hand, for the state (π/2), i.e. p 1 = p 2 = p 4 = 0 , p 3 ≡ p (π/2) = 1, the variance vanishes and A (2) has a sharp value. In analogy to quantum mechanics we will denote the states where some observable has zero variance, i.e. A 2 = 1, as "classical eigenstates" for this observable. We call the value of the observable in such a classical eigenstate the "classical eigenvalue". For the spin A (2) we have two eigenstates, (π/2) and (−π/2), with respective eigenvalues +1 and −1. The setting of table 1 is analogous to two orthogonal spins in the quantum mechanics of a spin 1/2 system. If one observable has a sharp value, the other has maximal uncertainty.
We want to push the analogy with quantum mechanics even further and describe rotations in the plane spanned by the two spins within our setting of classical statistics. At this stage we encounter a problem. Rotating the pure state (0) by an angle π/4, we should arrive at expectation values
This can not be realized in our system of four micro-states. Indeed, the sum of the components should be A (1) + A (2) = √ 2, while for an arbitrary probability distribution {p σ } we find the inequality
While the rotations of the state (0) should lie on the circle in Fig. 2 , the allowed macro-states of our fourstate system are inside the square enclosed by the dashed lines. Only the four particular "pure states", where one of the p σ equals one, obey
One may improve the situation by considering a classical system with eight microstates. For this purpose we add four more states denoted by (π/4) , (−π/4) , (3π/4) , (−3π/4) -cf. the open circles in Fig. 2 . The mean values of the spins A (1) and A (2) in each of these four additional states are shown in the second part of Table I . The average values in an arbitrary macro-state are given by the eight probabilities p σ according to
A rotation by π/4 is now described by a change from the state (0) to the state (π/4). We define as "classical pure states" the ones which have one probability pσ exactly equal to one and the others vanishing, p σ =σ = 0. We have now eight pure states, and for all of them one observes For the system with eight states we can also define two further two-level observables, namely A (π/4) and A (−π/4) . These "diagonal spins" are specified by their mean values in the eight micro-states, as given by the entries in Table  II . At this stage they are not obviously related to linear combinations of A (1) and A (2) -in fact, linear combinations are a priori not defined for the two-level observables that can only take values +1 and −1 for any measurement. We will only later introduce a concept of linear combinations such that the diagonal spins correspond to a rotation of the spins A (1) and A (2) , similar to quantum mechanics. By suitable mixed states we can realize in the eight-statesystem all expectation values of A (1) and A (2) within the dotted octogone in Fig. 2 . Rotations for mixed states could now be achieved by appropriate
. For pure states, however, we still cannot realize the continuous rotations on the circle of Fig. 2 , but only a discrete subset of rotations in units of π/4, corresponding to the Z 8 -subgroup of the SO(2) rotation group.
It is clear how to improve further by adding additional micro-states which interpolate closer and closer to the circle. The rotation problem for two spins can be solved by considering infinitely many different micro-states, each corresponding to a particular angle on the circle. With a finite number of N micro-states we can come arbitrarily close to the continuous rotations by realizing a Z N -subgroup. The full rotation group obtains in a well defined limit N → ∞.
The need of infinitely many micro-states for describing the rotation of a pure state in classical statistics should come as no surprise. By definition a pure state in classical statistics has zero variance for all classical observables. It is realized for probability distributions where one p σ equals one, while all others are zero. For classical pure states the statistical character of the probability distribution {p σ } is lost and each macro-state corresponds to one particular micro-state. The continuous rotation of a spin variable therefore requires a continuous family of micro-states. In other words, the continuous rotation of a planet is not described by different mixed states in a probability distribution, but just by different values of the angle which denotes the (deterministic) classical states which are pure states in a statistical sense. (Of course, pure states are only a very good approximation to the real statistical character of the planet.) The only thing that we have done in this section is a generalization of this situation from classical observables to the probabilistic two level observables. Nevertheless, this has a far reaching consequence: infinitely many classical states are needed for the description of a two-state quantum system. In summary of this section, a description of spin rotations requires a continuous manifold of microstates. In the simplest case this manifold is the circle S 1 , parameterized by an angle ϕ. More complex manifolds may involve additional parameters of coordinates. In case of a manifold of microstates S 1 , the probability of a particular state ϕ or (
Here the cartesian coordinates" f 1 , f 2 obey f 2 1 + f 2 2 = 1 and serve as a convenient alternative parameterization of the circle. For more complex manifolds p(ϕ) corresponds to a marginalized probability, where one integrates over all other parameters or coordinates. "Spins" are described by a continuous family of probabilistic two-level observables
Here ψ or (e 1 , e 2 ) indicates the direction of the spin. The mean value of A(e k ) in the state f k is given bȳ
and the probability for finding for A(e k ) the value +1 obeys
The average value in the ensemble or macro-state reads
V. REDUCTION OF DEGREES OF FREEDOM
In contrast to the infinitely many micro-states in classical statistics, it is impressive how quantum mechanics solves the rotation problem very economically: only two quantum states are needed, described by a two-component complex wave function. In fact, the classical solution to the rotation problem seems to be characterized by a huge redundancy. An infinite set of continuous probabilities p σ is employed to describe the expectation value of a spin observable, which can be characterized by only two continuous variables, the angle and the length (
One may be tempted to reduce the number of degrees of freedom by "integrating out" some of the micro-states, and assigning new "effective probabilities"p σ to the remaining micro-states.
Such a "coarse graining of states" can indeed be done -but the price is that the effectivep σ can also take negative values, or the sum of them may become larger than one. The effective probabilities can therefore no longer be considered as true probabilities.
We may demonstrate this by considering the system with eight classical states, (0), (π),
, and "integrate out" the states
for the remaining four states. Let us first integrate out only the state π 4 . In order to keep the same expectation values for A (1) and A (2) according to eq. (24), we need
For the sum this yields
. Consider now the pure microstate p (
to be positive, we need α ≥ 1 , β ≥ 1. However, in this case we obtain ≥ √ 2. We can therefore not keep simultaneously ≤ 1 and all p ′ σ positive! We may fix the coefficients α and β as β as α = we can express the effective probabilitiesp σ for the fourstate system in terms of the probabilities p σ of the eightstate system as
It is easy to verify that also the observables A (π/4) and A (−π/4) keep the same expectation values after the reduction of degrees of freedom. We can now compute the expectation values of all four two-level observables by using eq. (2), withĀ σ given by the left half of Tables I and II, and p σ replaced byp σ . The only memory that we have started from a system with eight microstates is the modified range for the effective probabilitiesp σ . Since only the
2 ) appear in the expectation values, all these statements hold actually for an arbitrary choice of α and β in eq. (29). The actual range forp σ depends on the choice of α, β -for the choice (31) we havep σ ≥ −1/(2 √ 2) and σp σ ≤ 1. We may proceed one step further and also integrate out the states (π) and − π 2 . We denote the resulting effective probabilities by ρ 1 for the state (0) and ρ 2 for the state π 2 . They are given by
) . In the reduced two-state-system the expectation values for the spins simply read
The ambiguity associated to the choice of α and β in the previous step has now disappeared and the ρ k are fixed uniquely in terms of the eight original p σ . This uniqueness follows directly from eq. (33), since the ρ k are associated to expectation values which do not change in the course of the reduction of degrees of freedom. One finds for the range of the effective probabilities ρ k for the reduced two classical states
with k ρ 2 k = 1 precisely for the eight original pure classical states. The two state system is the minimal system which can describe the two spins A (k) . We could have started our reduction procedure with some other classical system with 2 M micro-states. Proceeding stepwise by reducing M consecutively by one unit, one finally arrives again at the two state system, with effective probabilities ρ k obeying the constraints (34) and expectation values A (k) = ρ k . Starting with infinitely many micro-states, M → ∞, one finds that arbitrary values of ρ k obeying k ρ 2 k ≤ 1 can be realized. This follows directly from the observation that the expectation values of A (k) can take arbitrary values within the unit circle, k A (k) 2 ≤ 1, and eq. (33). Starting with a statistical system with finite M leads to further restrictions on the allowed range of ρ k . This range simply coincides with the allowed range for A (k) . For M = 3 it is given by the dotted octogone in Fig. 2 .
We may also investigate systems with a third independent two level observable A (3) . The first step of our construction involves now six micro-states with mean values of the bi-modal observables shown in Table III . The solution of the three-dimensional rotation problem by infinitely many micro-states proceeds in complete analogy to the discussion above, with an interpolation of the pure states towards the unit sphere S 2 . Also the reduction to a smaller number of states by "integrating out" some of the micro-states is analogous to the two-dimensional case. The minimal system has three effective states, with effective probabilities ρ k , k = 1, 2, 3, obeying again the restrictions (34) and A (k) = ρ k . In summary, the manifold of microstates must contain the submanifold S 2 , parameterized by two angles (ϑ, ϕ) or a three dimensional vector of unit length
In case of the minimal manifold S 2 the classical statistical systems are given by probability distributions p(f k ) or p(ϑ, ϕ). Again, for extended manifolds of states we consider marginalization. We observe that S 2 corresponds to the manifold of normalized pure states for two-state quantum mechanics, i.e. the projective Hilbert space. Probability distributions on the projective Hilbert space have been discussed by [12] , [8] , [23] , [9] . The reduction of redundant degrees of freedom maps the probability distributions on S 2 onto three real numbers,
From k f k (ϑ, ϕ) ≤ 1 and dΩp(ϕ, ϑ) = 1 one derives the inequality
For a system with infinitely many micro-states we can also define infinitely many two-level observables. A given spin may be denoted by a three-vector A, which can take an arbitrary direction in the cartesian system defined by the orthogonal "directions" corresponding to ρ 1 , ρ 2 , ρ 3 . We may characterize the direction of the spin A by the cartesian coordinates of a three dimensional unit vector e k , k e 2 k = 1. A more accurate notation for A would be A(e k ), since the measurements of A will not yield three real numbers, but only one with values +1 and −1. The mean value of A(e k ) in the micro-state f k is given bȳ
and, using eqs. (35), (4), the expectation value of A obeys the intuitive simple rue (cf. eq. (33))
This key ingredient of our formalism will be addressed more formally later. At this place we observe that the three numbers ρ k are given by the expectation values of three basis observables A
We will see that these numbers specify the state of the quantum system completely. In other words, we may consider the quantum system as a subsystem of a larger classical system with infinitely many degrees of freedom. Its state can be characterized by the expectation values of a number of basis observables -the three spin observables A (k) in our case. The expectation values ρ k cannot all take arbitrary values between −1 and +1. In our case they are restricted by the condition k ρ 2 k ≤ 1.
VI. DENSITY MATRIX
In the following we will concentrate on manifolds of micro-states for which the inequality (36) holds. This is automatic for the minimal manifold S 2 , but may restrict the probability distribution p σ for larger manifolds of microstates. If eq. (36) is obeyed, the expression (38) can be brought into a form familiar from quantum mechanics. We associate to each two-level observable A(e k ) a 2 × 2 matrix
with τ k the three Pauli matrices obeying the anticommutation relation {τ k , τ l } = 2δ kl . Similarly, we may group the effective probabilities ρ k into a "density matrix" ρ,
In terms of these matrices the expectation values obey the quantum mechanical rule
In a quantum mechanical language the "operator"Â is precisely the (unit-)spin operatorˆ S in the direction of e.
For the infinite system we may therefore switch to the familiar spin-notation A → S. In conclusion, we have established that the classical system with infinitely many degrees of freedom precisely obeys all quantum mechanical relations for the expectation values as given by
In particular, all relations following from the uncertainty principle are implemented directly. For a quantum mechanical two state system all information about the statistical state of the system is encoded in the density matrix, which obeys the usual relations tr ρ = 1 , ρ 11 ≥ 0 , ρ 22 ≥ 0 , tr ρ 2 ≤ 1, and tr ρ 2 = 1 for pure states. For our classical statistical system these relations follow from the definition (41) and the range for ρ k in eq. (34). The spin operatorsˆ S are the most general hermitean operators for the quantum mechanical two-state system. On the level of expectation values of operators we have constructed a one to one mapping between the quantum mechanical twostate system and a classical system with infinitely many micro-states.
VII. CONDITIONAL CORRELATION FUNCTIONS
There are several ways to define correlation functions in a statistical system. The basic issue is the definition of a product between two observables A and B. The product AB should again be an observable. The (two-point-) correlation function is then the expectation value of this product, AB . The choice of the product is, however, not unique. We have already demonstrated earlier how a quantum correlation function can arise from a classical statistical system [3] .
1. Classical product For classical or deterministic observables the first candidate for a product between two observables A, B is the pointwise or classical product
In our approach, this definition is only possible on the level of substates τ . For probabilistic observables on the level of micro-states, however, this type of product exists only for special cases, but not in general. We have argued in sect. II that the product of two probabilistic observables can be defined in a straightforward way only if they are "comeasurable", i.e. if the joint probabilities w ab for finding the value γ a for A and γ b for B are available, cf. eq. (17) . In this case the product AB in eq. (17) is equivalent to the classical product (44) on the substate level. In a quantum mechanical language, this type of structure can only be realized if the associated operatorsÂ andB commute [14] , [15] . In general, the property of comeasurability of two observables is lost when the substates are projected on the micro-states. Many different deterministic observables on the substate level, as characterized by their values A τ in the substates τ , are mapped into one and the same probabilistic observable. (The latter is characterized byĀ σ for a two-level observable, and more generally by the spectrum γ a and the probabilities w a (σ).) Let us denote by A τ and A ′ τ two different classical observables on the substate level that are mapped into the same probabilistic observable A. While A = A ′ , the classical product with a different observable B τ (which corresponds to a different probabilistic observable B) is, in general different for A and A
In consequence, there cannot be a unique classical product between the probabilistic observables A and B. We conclude that the classical product A · B is a property of the system and its environment, since it involves information that is only available on the substate level. For measurements in the (sub-) system this information is not accessible. Predictions for measurements of the system have to be formulated on the level of micro-states involving an appropriate product for the probabilistic observables A and B which has to be determined.
Pointwise product for probabilistic observables
One possibility for a product of probabilistic observables is the "probabilistic pointwise product" that we denote with a cross, A × B. It is defined by the multiplication of the mean values of A and B in every micro-state
In other words, one multiplies the probability to find a value x A for A with the probability to find x B for B,
Thus A × B is again a probabilistic observable, with
Using the discrete formulation (10) for the two-level observables one has
with w AB +,σ the combined probability to find for the microstate σ a value +1 for A and +1 for B, or −1 for A and −1 for B, such that the sign of the product of values of A and B is positive. Similarly, w AB −,σ obtains from the situations where the respective signs are opposite
The probabilistic pointwise product of two two-level observables is again a two-level observable. The probabilistic pointwise product is commutative, and the corresponding pointwise correlation function equals the classical correlation function if A and B are classical observables. However, the pointwise product is not the product that leads to our definition of A 2 for the two-level observables, where A 2 = 1 independently of A . For the pointwise product one finds instead
The saturation of the bound obtains only for the two pure classical states which correspond to the particular microstatesσ for whichĀ = ±1. This clearly indicates that the probabilistic pointwise product A × B cannot be used for the correlation between two measurements.
Conditional product
The reason for this discrepancy is the implicit assumption that in eq. (50) the probabilities w A ± and w B ± are independent of each other. This does not reflect a situation where the product AB describes consecutive measurements of first B and subsequently A. Once the first measurement of A has found a value +1, a subsequent measurement of the same variable should find a value +1 with probability one. Then (Ā 2 ) σ = 1 follows independently of the valuē A σ if the only allowed values are ±1, as for our spin variables. We therefore define a different product A • B which involves conditional probabilities. Eq. (50) is replaced by
+ denotes the conditional probability to find a value +1 for the measurement of A under the condition that a previous measurement of B has yielded a value +1. With (w
with the new definition (52). This product underlies our definition of A 2 , A 2 = A • A = 1. The conditional product of two two-level observables is again a two-level observables, with probabilities given by eq. (52).
The definition of the conditional product A • B requires a specification of the conditional probabilities (w
After the measurement of B we know for sure that B has the measured value, say +1. The probability of finding again +1 in a repetition of the measurement must be one. This is the property of a classical eigenstate of B, that we denote by (+ B ). We therefore take for the conditional probabilities
with A ±B the expectation value of A in the pure classical states (± B ), and (− B ) the eigenstate of B with eigenvalue −1. For our particular system corresponding to two-state quantum mechanics the conditional probabilities are actually independent of the micro-state σ. They depend only on properties of the states (+ B ) or (− B ). We obtain
At this stage the conditional product is not obviously commutative. However, we note that whenever
holds, as in our case, one simply finds from eq. (55)
independently of the micro-state σ. For our two state system the pure state density matrices are easily found
such that
This shows the commutativity of the conditional product of two probabilistic two-level observables
It is instructive to compute the conditional product of two basis observables
Here R is the "random two-level observable" which obeys for every micro-state σ
and therefore
We stress that R is different from the "zero-observable", which takes a fixed value 0 in every micro-state. For an arbitrary two-level observable A one finds the relation
The random observable is a special two-level observable since no micro-state can be an eigenstate to R, the eigenvalues being ±1. The product A•R is therefore not defined since it would require a projection on eigenstates of R after a first "measurement of R".
Conditional correlation
Let us next compute the probability that a sequence of a first measurement of B and a subsequent one of A yields the results (+, +),
and compare it with the sequence in the opposite order
The probabilities for the sequences in different order are not equal. If we realize the probabilistic observables A, B as classical observables on a substate level (with sharp values A τ , B τ = ±1 in any given substate τ ), we could also compute a "classical probability"W AB ++ that both A and B "have" the value +1. This would be given by the sum of the probabilities for all states τ for which A τ = B τ = 1. The order does not matter for the classical probability, W 
does not longer depend on the order
This "loss of memory of the order" for the sum (67) is the basis for the commutativity of A • B.
The "conditional correlation" is defined as
−,s . For our orthogonal spin observables A (k) it has the simple property
since A (k)
The conditional correlation reflects the properties of two consecutive measurements. It may therefore be more appropriate for a description of real measurements than the probabilistic pointwise correlation.
A priori, the order of the measurements may matter, i.e. B • A may differ from A • B , but based on eq. (60) we conclude that the (two-point) correlation is actually commutative
We will use in the next section the mapping to quantum mechanics and give a general expression of A• B in terms of the anticommutator of the associated operatorsÂ,B,
From eq. (72) the commutativity of the conditional correlation is apparent.
Conditional three point function
The commutativity of the conditional two point correlation does not extend to the conditional three point correlation. We first define the conditional product of three two-level observables as
It is constructed in analogy to the conditional two point function and involves in an intuitive way the probabilities of finding for the measurements of A, B, C the sequences (+, +, +), (+, +, −), (+, −, +) . . . (−, −, −), weighted with the appropriate product of the measured values. After a measurement of ±1 of C the observable B is measured in the (± C ) eigenstate of C, and after a second measurement of ±1 for B the observable A is measured in the (± B ) eigenstate of B. For the orthogonal two-level observables eq. (73) yields
The conditional three point function 
The quantum mechanical computation in the next section shows that the conditional three point correlation can be expressed as
It is therefore invariant under the exchange of A and B, but not with respect to a change of the positions of B and C or A and C. For the orthogonal spin observables one finds from eq. (77)
in accordance with eq. (74). We recall that all expectation values in eq. (76) are well defined in our setting with infinitely many micro-states, such that the computation of A • B • C can be done entirely within classical statistics. The non-commutativity is a consequence of the definition of the conditional product, which is adapted to a sequence of measurements in a given order. The conditional product is not associative. This can be shown most easily by using the products of two and three basis observables (61), (74), which yield
On the other hand,
has no eigenstates, while for l = m the result A (k) differs from eq. (79). The lack of commutativity of the product A • B • C arises from the lack of associativity. Eq. (79) can be generalized to arbitrary two-level observables
The observable A • B can be evaluated in eigenstates ρ C+ and ρ C− of C such that (A • B) • C is well defined. The probability of finding (A • B) • C = +1 is given by
and similar for w
we indeed find for w 
Measurements as operations
For our two-state quantum system the density matrix for an eigenstate of the observable A or B is unique, given by eq. (58), and describing always a pure state. (This does not hold for more than two states.) We can describe the measurement process by a series of "classical operations". The first measurement of C operates a mappingC
whereρ C is a weighted sum of density matrices, but not a density matrix itself. If this is the only measurement, the expectation value of C obtains by taking a trace ofρ C ,
A second measurement of B induces a mappingB
such that the sequence of two operations reads
Again, if the measurement chain is finished one takes the trace ofρ BC for the evaluation of the expectation value of the products B • C, reproducing eq. (69). The noncommutativity of the classical operations is manifest. For example, after the second stepρ BC is a linear combination of ρ B+ and ρ B,− , whileρ CB involves a linear combination of ρ C+ and ρ C− . This chain of operations can be continued. A third measurement of A maps
such that taking a trace ofρ ABC after the third measurement reproduces eq. (75) 
(ii) State reduction describes the influence of the measurement on the state of the system. This is irrelevant if only one measurement is performed, but crucial for the outcome of a sequence of several measurements. Let us consider "minimally destructive measurements". For each given recordm 1 the state of the system becomes after the measurement an "eigenstate" with "eigenvalue"m 1 . This means that the measurement ofm 1 simply eliminates from the ensemble all states which would have a non-zero probability that a repetition of the same measurement would yield a different record m 1 =m 1 . No further modification is made for the ensemble. The original state "splits" into R 1 different alternatives of "histories" which do not influence each other. A second measurement, with an apparatus with R 2 possibilities, yields new records m 2 (r 2 ). For a subsequent measurement this second step is performed for the R 1 alternative outcomes of the first measurement separately. A convenient way to visualize the situation is a sequence of two Stern-Gerlach type measurements, where the second measurement is performed by two identical devices placed in the two beams into which the incoming beam is split after the first measurement. State reduction after the combination of the two measurements produces R 1 R 2 different alternatives. Arbitrary sequences can be constructed in this way.
(iii) Evaluation of the value of the measured observable is some rule how the different records m 1 , m 2 . . . are mapped to the value V of the measured observable, which is a real number. In our case of a sequence of measurements of three two-level observables the value of the observable A • B • C is given by V = m 1 m 2 m 3 . For m j = ±1 the value V may take the value ±1. More generally, the spectrum of possible values for V may consist of R t different possibilities, r t = 1 . . . R t , V = m t (r t ). Our prescription is general enough to include observables which are measured by a "chain of individual measurements".
For a prediction of the probability w t for finding the value m t from the combination of a chain of several individual measurements the state reduction is a crucial ingredient. Indeed, w t obtains by summing the probabilities of all alternatives or histories for which the records (m 1 , m 2 , . . . ) are mapped into a given m t by the evaluation of the observable. The probability of a given history, labeled by (m 1 , m 2 , . . . ), multiplies the probability of finding m 1 (for a given state of the systems) with the probability of finding m 2 in the eigenstate with eigenvalue m 1 resulting from the state reduction of the first measurement and so forth. The prescription for the state reduction is, in general, not unique since many different states may be eigenstates with a given eigenvalue m 1 . The definition of a "combined observable" as A • B needs a specification of the appropriate state reduction.
Choice of correlation function
Several interpretations can be given for the use of conditional probabilities. One refers to the change of knowledge of the observer after the first measurement. The second one assumes that the physical state of the system has been changed after the first measurement through interaction with the apparatus. This does not involve an observer. Finally, one may take the point of view that physical theories only describe probabilities for different possible histories, while reality has only one given history. If part of this given history is revealed, for example by the first experiment, the possibilities contradicting the outcome of the first experiment can be eliminated. In this view the essential part of a physical theory are the correlations between different events. These correlations do, in general, not involve an observer. From the mathematical point of view all those interpretations are described by the same conditional probability. In a quantum mechanical language this corresponds to the famous "reduction of the wave function" after the first measurement.
On the level of micro-states the classical correlation A · B is not available since the joint probabilities are not defined. Both the probabilistic pointwise correlation A × B and the conditional correlation A • B describe idealized measurements. The probabilistic pointwise correlation assumes that two measurements are completely uncorrelated on the level of the microstates. Suppose that the probability distribution for the micro-states singles out a particular micro-state for which the observable A has no sharp value. Describing two consecutive measurements of A by the probabilistic pointwise correlation corresponds to a situation where after the first measurement of A the system relaxes such that the system has lost memory if the first measurement has found the value +1 or −1. In contrast, the conditional correlation keeps this memory. It idealizes that one has exactly an eigenstate of the measured observable after the first measurement. In a real measurement situation there will always be some uncertainty in the measured value and there are possible physical influences between the first and second measurement. This would result after the first measurement in a state that is not precisely an eigenstate. In principle, one could define modified correlation functions in order to account for such effects. Obviously, the process of performing a sequence of n measurements and multiplying the measured numbers, and then averaging over many such sequences under identical conditions, has the necessary product properties for the definition of an n-point correlation.
Our close association of the correlation functions with sequences of measurements underlines that the definition of the correlation function is not unique. In principle, a classical statistical system admits many different possible definitions of product structures and corresponding correlation functions. The most appropriate choice may actually depend on the detailed physical circumstances. Besides the probabilistic pointwise product A × B and the conditional product A • B we recall that the "classical product" A · B can be realized if the probabilistic observables are realized as classical observables on a substate level. On the level of substates τ the classical product (44), (A · B) τ = A τ B τ , involves the sharp values A τ , B τ of the observables A and B in the substate τ . The classical product can be associated to the elimination of substates that have values of B different from the value found in the first measurement. This state reduction needs, however, a specification of the precise observable B τ that is measured, and not only of the associated probabilistic observable. Classical correlations therefore correspond to measurements where the properties of both system and environment are determined simultaneously. Such measurements do not correspond to measurements of the system properties, which only should employ information contained in the system, but no information about the precise state of the environment.
Furthermore, for the classical product Bell's inequalities can be directly applied and lead to contradiction with observation. This may be interpreted as experimental evidence that classical correlations should indeed not be used for a description of measurements of properties of an isolated (sub-) system. On the other hand, the conditional product yields precisely the prediction of quantum mechanics for the possible outcomes of two measurements. We will therefore postulate that two measurements should always be described by the correlation function A • B which we may call the "quantum correlation". This should also hold for situations where no clear time ordering of the measurements of the observables A and B is possible.
Both the classical correlation A · B and the correlation A • B are conditional correlations in the sense that they describe a way how possibilities contradicting the first measurement are eliminated. This demonstrates that the general notion of a conditional correlation is not unique. Any probabilistic theory must therefore not only specify a rule how expectation values of observables are calculated, but in addition also rules for the "measurement correlation" AB m which specify the outcome of measurements of pairs of observables. The various possibilities for definitions of conditional probabilities arise from the simple observation that it is not sufficient to state that all possibilities contradicting the first measurement are eliminated after the first measurement. This can be done in different ways. One also has to specify which information is retained and therefore available for the second measurement. The classical correlation A · B can be used only if the precise observable B τ , which measures properties of the environment in addition to properties of the system, is specified for the first measurement. A good measurement, which does not destroy the isolation of the subsystem, should not require the knowledge of properties of the environment for a determination of the available information after the first measurement. It must be possible to specify the state of the subsystem after the first measurement by using only information which characterizes the properties of the subsystem. The correlation A • B has precisely these properties. We therefore propose that for an optimal "minimally destructive" measurement in a quantum system the measurement correlation should be given as AB m = A • B .
VIII. QUANTUM STATISTICS FROM CLASSICAL STATISTICS
So far we have shown important analogies between the quantum mechanics of a two state system and classical statistics with infinitely many micro-states. In this section we will argue that all aspects of quantum statistics can be described by the classical system. Quantum statistics appears therefore as a special setting within classical statistics, where a particular class of probabilistic observables is investigated and a particular correlation is used. Inversely, the formalism of quantum mechanics is a powerful tool for the computation of properties in classical statistical systems, as the conditional correlation functions.
Expectation values
A first basic ingredient of quantum mechanics is a description of the rule for the computation of expectation values of observables. As before, we restrict the discussion to two quantum states. At any given time the information about the state of the system is encoded in the density matrix ρ, which is a hermitean 2 × 2 matrix, ρ = ρ † with 0 ≤ ρ 11 ≤ 1, 0 ≤ ρ 22 ≤ 1, tr ρ = 1, tr ρ 2 ≤ 1. (Quantum mechanics provides also a law for the time evolution of ρ, to which we will turn in the next section.) Quantum mechanics makes probabilistic statements about the outcome of measurements. They are predicted by the expectation values for hermitean operatorsÂ, according to A =tr(Âρ). For the two state system, the only hermitean operators are the (unit) spin operatorsˆ S up to an overall multiplicative factor. (Pieces proportional to the unit operator may be added trivially.) We have already shown, eq.
(43), that the law S = tr (ˆ Sρ) is obeyed by the classical system with infinitely many micro-states. Also the density matrix with the required properties can be computed from the classical probability distribution {p σ }, using the method of reduction of degrees of freedom. For the continuous family of classical spin observables we therefore have already established that the expectation values obey the quantum mechanical law.
The quantum law for expectation value can be used whenever the expectation value of an observable can be written in the form
This holds for all probabilistic observables for which the probabilities to find a given value in the spectrum can be computed from ρ k by a linear relation. We will call such observables "system observables". "Quantum observables" have the additional property that f (A) is represented by the operator f (Â). This holds for the two-level observables associated to spins, but not for the random observable R.
The quantum observables are a subclass of the system observables.
Pure states
A second basic concept in quantum statistics is the Hilbert space of states |ψ . They describe pure quantum states by complex two-component normalized vectors, |ψ = ψ , ψ| = ψ † , with ψ|ψ = ψ † ψ = 1. Pure quantum states have a density matrix obeying tr ρ 2 = 1 or
(As we have seen, they correspond to the pure classical states where {p σ } has one value one and only zeros otherwise.) The overall phase of |ψ is unobservable and therefore irrelevant. Only two real numbers are needed in order to describe the physical properties of |ψ , in correspondence to the two independent real numbers ρ k which remain under the condition k ρ 2 k = 1. One can therefore construct a mapping between a pure density matrix ρ and the associated state |ψ up to an arbitrary phase e iϕ . The mapping is straightforward for diagonal ρ ρ = 1 0 0 0 ↔ |ψ = e iϕ 1 0 ;
Any hermitean ρ can be diagonalized by a unitary SU (2) transformation,
The second equation (90) 
We recover the standard quantum mechanics law for the computation of expectation values of observables in terms of "probability amplitudes" ψ. To every two component complex vector ψ we can associate a pure state density matrix by a two step procedure: (i) normalize ψ by a rescaling with a constant such that ψ † ψ = 1, (ii) construct ρ αβ = ψ α ψ * β . In particular, an associated density matrix exists for arbitrary linear combinations β 1 ψ 1 +β 2 ψ 2 . An explicit example for a classical probability distribution which corresponds to an entangled state within four-state quantum mechanics [16] can be found in sect. XI.
In quantum mechanics the transition amplitude M ab between two pure states |ψ a and |ψ b is defined as M ab = ψ a |ψ b , and the transition probability obeys w ab = |M ab | 2 . We will next establish that the transition probability is precisely the conditional probability discussed in the preceeding section (w
Here the quantum states |± A are the eigenstates of the operatorÂ with eigenvalues ±1,
In order to show eq. (92) we use the completeness of the Hilbert space which allows the insertion of a complete set of states
and
From the definition of the conditional probability and eq. (94) one obtains
and similar for the other combinations in eq. (92).
Operator product
A third crucial ingredient for quantum statistics is the definition of an operator productÂB and the determination of quantum correlations, as 
Since we have defined for the classical system the spin operators as 2 × 2 matrices, we can, of course, define the matrix product and compute the quantum correlations (97) forÂ,B,Ĉ corresponding to arbitrary spin observables. Beyond this formal definition of the quantum correlations (97) we want to establish their close connection to the conditional correlations discussed in the preceeding section. 
one finds the conditional correlation (69) 1 2 s|{Â,B}|s = Re s|ÂB|s
where w B ±,s = | ± B |s | 2 . This establishes the relation (72) for any pure state density matrix. The extension to arbitrary ρ uses the fact that ρ can always be written as ρ = w 1 ρ 1 + w 2 ρ 2 with ρ 1,2 pure state density matrices and real w 1,2 ≥ 0, w 1 + w 2 = 1. With |s 1 , |s 2 the pure states corresponding to ρ 1 , ρ 2 , one has
Using
this shows that the r.h.s. of eq. (100) coincides with the last eq. (69). An analogous, but somewhat more lengthy computation establishes eq. (77) for the conditional three point correlation, and can also be used for higher correlation functions.
Quantum measurements
A fourth corner stone of quantum mechanics is a rule how to express the possible outcome of measurements in terms of expectation values of observables. Such a rule is needed for every theory. For our classical statistical system we employ a rule based on conditional probabilities for consecutive measurements. It is the same as in quantum mechanics. We have shown how the conditional correlation functions in classical statistics can be expressed in terms of quantum correlation functions. Inversely, our computation provides a physical interpretation of quantum correlations in terms of the outcome of a sequence of measurements. Only the real part of the expectation values of products of operators can be measurable quantities. From eq. (97) we see how they can be related directly to conditional correlations. We note that the three point functions Re( ABC ) does not simply correspond to one order of measurements (say first C, then B, last A), but rather to a linear combination of sequences in different orders, as given by the last equation in (97). This is closely related to the term involving commutators in eq. (97). The one to one correspondence between quantum correlations and conditional correlations closes the proof of equivalence between quantum statistics and classical statistics with infinitely many micro-states. All measurable quantities can be computed in either approach.
The quantum pure states and the classical pure states are in one to one correspondence. Both can be parameterized by the coordinates on the sphere S 2 , as given by the condition Trρ 2 = 1 or k ρ 2 k = 1. From the point of view of the classical probability distribution {p σ } the classical pure states are sharp states with one pσ equal to one -namely the one in the direction specified by the location of the state on S 2 , and all other probabilities vanishing, p σ =σ = 0. There is no statistical distribution on the level of {p σ }. For the pure states the statistical character of the system arises therefore only from the notion of probabilistic observables. Only one spin has a sharp value in a given pure state, namelyĀσ = 1. It is the one which points in the direction corresponding to the location of the state on the sphere. All other spins have (Āσ) 2 < 1 and therefore correspond to measurements with a statistical distribution of values +1 and −1. (For this counting the directions of the spin variables cover only half of the sphere, S 2 /Z 2 , and we have omitted the trivial extensionĀσ = −1 for the spin opposite to the direction of the state.) In this setting the statistical character of quantum mechanics is genuinly linked to the notion of probabilistic observables. We also note that the notions of classical eigenstates and classical eigenvalues are in direct correspondence to the quantum mechanical definition of eigenstates and eigenvalues.
Operator algebra
Finally, quantum mechanics has the useful structure of linear combinations of operators, λ 1Â + λ 2B . It is compatible with the rule for expectation values
We can take this construction over to the two-level observables A, B in the classical system with infinitely many degrees of freedom. For real λ 1,2 obeying λ 2 1 + λ 2 2 = 1 the combination λ 1 A + λ 2 B is again a two-level observable -the linear combination remains a map in the space of two-level observables. We can define rotated spins in this way. (Obviously, this is no longer possible for a finite number of micro-states, where the linear combination with arbitrary λ i , λ 2 1 + λ 2 2 = 1, is no longer defined. For finite N the allowed λ i have to be restricted such that allowed spins are reached by the rotation -in our example with two spins the rotations have to be restricted to discrete Z N -transformations.) We may relax the condition λ 2 1 + λ 2 2 = 1 by defining formally the multiplication of an observable by a complex number λ using the replacement A σ → λĀ σ , such that λA = λ A . For real λ > 0 this amounts to a change of units for the observables, replacing in eq. (6) δ(x ± 1) → δ(x ± λ). Multiplication with −1 corresponds to a map of the spin to the spin with opposite direction on the sphere. For real λ all observables remain two-level observables withĀ 2 σ = λ 2 . The multiplication with i, or generally complex λ, remains formal and is not related to the outcome of possible measurements. It is, nevertheless, a useful computational tool since it gives to the space of observables the structure of a complex vector space. This is analogous to the multiplication of quantum states |ψ by arbitrary complex numbers. It is needed in order to implement the vector-space structure of Hilbert space, even though physical states should be normalized,
By a combination of rotations in the space of two-level observables with A 2 = 1 and scalings we have defined arbitrary linear combinations A = k e k A (k) of the classical "basis observables" A (k) . These quantum observables are represented by a complex three-component vector e = (e 1 . . . e 3 ). The expectation values are defined in the classical ensemble and obey A = ρ k e k , A 2 = e k e k . This is in one to one correspondence with the operatorŝ A = e k τ k ,Â 2 = e k e k . The hermitean conjugation of a classical observable A † is defined as e k → e * k . Measurements must yield real values such that measurable observables are (A + A † )/2. The most general operator in the Hilbert space of two-state quantum mechanics readŝ A = e k τ k + e 0 . Using the unit observable every operator has its corresponding classical two-level observable A = e k A (k) + e 0 . The possible outcomes of individual measurements of A in the classical ensemble are given by the eigenvalues of the 2 × 2-matrixÂ.
The quantum mechanical operator productÂB can be mapped onto a "quantum product" of classical probabilistic quantum observables AB, as defined by the associated vector e and e 0 . 
With this product we can define an algebra of probabilistic quantum observables that is isomorphic to the algebra of quantum operators. On the level of the probabilistic observables one may at first sight wonder why one should introduce the particular product (103). However, we have seen already how to employ the quantum product for the computation of the outcome of a sequence of measurements in terms of conditional correlations. The expectation value of the quantum product AB is closely related to the expectation value of the conditional product A • B by eq. (72). Another important use of the quantum product AB is the discussion of the minimal value of the product of the dispersions for two observables. It can be expressed in terms of the commutator AB −BA by the Heisenberg uncertainty relation.
Beyond quantum observables
Not all possible observables in a quantum system find a standard description in terms of quantum operators. Here an "observable" refers to a property of the system whose value (a real number) can be measured by some suitable apparatus. For an "observable of the quantum system" the spectrum of its possible measurement values should be determined by the properties of the quantum system, and the probabilities for finding a value within the spectrum should be computable in terms of the information characterizing the state of the quantum system (the density matrix ρ).
As an example for a measurement apparatus we consider a sequence of two Stern-Gerlach magnets, with directions of the magnetic fields rotated by 90 degree relative to each other. For an arbitrary polarized incoming beam the outcome will be four beams. For definiteness, they correspond to the spin values of (S z , S x ) = (+, +), (+, −), (−, +), (−, −), were S z refers to the spin after the first apparatus and S x to the spin after the second apparatus. We choose a two-level observable R which take the value V = 1 if S z and S x have the same sign, and V = −1 for opposite signs. The probability w + for finding V = 1 can be measured by dividing the number of atoms in the two beams (+, +) and (−, −) by the number of atoms in the incoming beam, and similar for w − . Thus the spectrum V = ±1 is known and the probabilities w ± can be measured and computed for any incoming statethe observable R is an observable of the quantum system.
For our setting a quantum mechanical computation yields w + = w − = 1/2 for an arbitrary polarization of the outcoming beam. In other words, the observable R has a vanishing expectation value for all states of the quantum system. The only quantum operator consistent with this property isÂ = 0. However, this operator has a spectrum with only one possible eigenvalue, namely zero, and not (+1, −1) as appropriate for our two-level observable. If we request that the spectrum of possible measurement values of an observable should correspond to the spectrum of eigenvalues of an associated operator, we must conclude that not all observables of a quantum system can be described by quantum operators.
Within our setting of probabilistic observables the observable R finds a simple place. It is given by
and equals the random observable discussed in the preceeding section. In a certain sense the ensemble of probabilistic observables is more complete than the ensemble of quantum operators, since arbitrary observables of the quantum system can be described. In contrast, the standard association of operators and observables in quantum mechanics covers only the quantum observables, which are a subclass of the more general system observables. The random observable R is a system observable but not a quantum observable. Of course, the concept of a larger class of probabilistic observables can be implemented in quantum mechanics just as well as in classical statistics.
IX. SIMPLE EXAMPLE: CARTESIAN SPINS
The basic ingredients for the reduction of a classical ensemble to a subsystem with quantum behavior can be understood in a simple example with a finite number of classical substates τ . Of course, as we have seen in sect. IV, rotation symmetry can no longer be realized in such a system. We will discuss here three cartesian spins S x , S y , S z , while continuous rotations of these observables are not defined.
On the substate level we consider eight substates labeled by τ = 1, . . . , 
In a direct product basis we can represent
. The classical ensemble is specified by the probabilities
All classical observables of this system can be constructed from S k and the classical products S k ·S l , S k ·S l ·S j . Beyond the unit observable one has a total number of seven independent observables, comprising the three spins S k and four observables
By a measurement of all seven expectation values S k , E i one can determine all probabilities p 1 , . . . , p 8 . The joint probabilities for arbitrary pairs of observables A y and A z are available (with A z = (S k , E i ) and A 2 z = 1) and we deal with a complete statistical system.
Let us now define a subsystem with two properties: (i) Only the three cartesian spins S k are system observables, while the observables E 1 , . . . , E 4 are considered as "environment observables". Measuremts in the subsystem cannot determine the expectation values E i for the environment observables. In turn, the information contained in E i cannot be used for predictions of properties of the subsystem which do not involve the environment. Since the information about the joint probabilities for the spins S k is directly related to the expectation values E i they are not available in the subsystem. The subsystem is described by incomplete statistics. (ii) The purity of the system is bounded by one, P = k ρ 2 k ≤ 1 , ρ k = S k . This restricts the most general classical probability distribution, as given by seven independent real numbers p 1 , . . . , p 7 , to a subspace obeying the inequality P ≤ 1, with
(For example, p 1 = 1 , p τ =1 = 0 is not allowed since this would lead to P = 3.) The purity constraint P ≤ 1 allows us to construct the density matrix ρ = (1 + S k τ k )/2 such that S k = tr(Ŝ k ρ), withŜ k = τ k . The subsystem shows many properties of a quantum mechanical system for three cartesian spins, provided we use the appropriate conditional correlation for the prediction of the outcome of sequences of measurements.
After a first measurement has found S z = 1 we should eliminate all states for which S z = 1. This implies for the state after this measurement p 5 = p 6 = p 7 = p 8 = 0 , p 1 + p 2 + p 3 + p 4 = 1. Obviously, this requirement is not enough to fix the state uniquely, since we still have three free real numbers p 1 , p 2 , p 3 . Different types of measurements correspond to different (p 1 , p 2 , p 3 ). A "classical measurement" would be able to employ information concerning both the subsystem and the environment. A "perfect classical measurement" could retain the relative weights of the probabilities p 1 , p 2 , p 3 , p 4 as they have been before the measurement. The state after the measurement would then be characterized by the "classical rule", according to which the three numbers p j are given by This procedure is not possible, however, for a measurement that is compatible with the isolation of the subsystem. The information needed for the computation of (p 1 , p 2 , p 3 ) after the measurement according to the classical rule, namely p ′ j , j = 1, . . . 4, is more than what is contained in the three numbers ρ k = S k which characterize the state of the subsystem. Furthermore, the probabilities for the new state, computed according to the classical rule, would not necessary obey the purity constraint P ≤ 1 any longer. A simple counter example has for the original state before the measurement p A good measurement of pure substate properties should not involve environment information for the determination of the state of the subsystem after the measurement. In addition, the purity constraint P ≤ 1 should be obeyed for the state after the first measurement. Therefore the state after the first measurement should again be characterized by three numbers ρ k , with P = k ρ 2 k ≤ 1. As we have seen already in sect. VII, these requirements fix uniquely the state after the first measurement. It must obey ρ 1 = ρ 2 = 0 , ρ 3 = 1, since any nonzero ρ 1 or ρ 2 , together with P ≤ 1, would imply ρ 3 < 1 and therefore S z < 1, in contradiction with the measurement S z = 1. This "quantum rule" for the determination of (p 1 , p 2 , p 3 ) after the first measurement implies p 2 = p 3 = 1/2 − p 1 . The classical probabilities are not fixed completely since p 1 remains free within the interval 0 ≤ p 1 ≤ 1/2. However, the undetermined part only concerns properties of the environment. We note the relations
which imply that a subsequent measurement of S x or S y has equal probability to find values +1 or −1. We may have started before the measurement with a state where p Although the three cartesian spins serve as an instructive example for many of the crucial statistical properties of quantum systems, they do not reproduce all features of a two-state quantum system. Arbitrary linear combinations of quantum operators do not have corresponding classical observables in the ensemble with only eight states. For this purpose we have to extend the discussion to classical ensembles with infinitely many states, as we have discussed in sect. IV.
X. TIME EVOLUTION
In this section we discuss the time evolution in the classical statistical system. Assume that at some time t 1 the probability distribution is {p σ }, and at some later time t 2 it has changed to a different distribution {p ′ σ }. The observables are kept fixed and we want to study how their expectation values change. We may define "transition probabilities"S σρ such that (with summation over repeated indices)
The transition matrixS σρ should conserve the unit sum, σ p σ (t 2 ) = 1. By the process of reduction of degrees of freedom we can associate to {p σ } and {p ′ σ } effective probabilities for an effective three-state classical system, namely ρ k (t 1 ) and ρ k (t 2 ), k = 1 . . . 3. The transition matrixS σρ induces a reduced transition matrix S kl for the density matrix,
It is related toS σρ by
For the minimal manifold of micro-states
is preserved by the transformation (109) by construction. For more general manifolds of micro-states we assume that the condition (111) holds for all times t. For the computation of expectation values for the spin observables and their conditional correlations at any given time t one needs only to know ρ(t). The reduced transition matrix S kl (t 2 , t 1 ) is then sufficient for a description of the time evolution. We observe that many different transition matricesS σρ are mapped onto the same S kl , such that actually only a limited amount of information aboutS σρ is needed. We can consider equivalence classes forS σρ , where two transition matrices leading to the same S kl are considered to be equivalent. Similarly, equivalence classes for probability distributions {p σ } are characterized by ρ k .
Let us introduce the concept of purity,
Then P = 1 corresponds to pure states, P < 1 to mixed states and P = 0 to equipartition, where all ρ k = 0.
(The equivalence class of equipartition contains the classical equipartition state p σ = 1/N .) The most general time evolution of the classical system can change the purity. We will concentrate first on the case where the purity is conserved. The unitary time evolution for two-state quantum mechanics will follow from this simple assumption.
Unitary quantum time evolution
In fact, the conservation of the length of the vector ρ k implies that S kl is an orthogonal O(3)-matrix, S kl =Ŝ kl , lŜ klŜml = δ km . Arbitrary O(3)-transformations acting on the ρ k can be represented as unitary transformations acting on the density matrix ρ (cf. eq. (41)) as
This follows from the equivalence of SU (2) and SO(3) (up to a factor Z 2 , with ρ invariant under the Z 2 transformation). Parameterizing
one findsŜ
From eq. (113) the time evolution in two-state-quantum mechanics follows in a standard way. We may consider infinitesimal changes of time, for which we find the vonNeumann equation
Pure states obey then the Schrödinger equation with a hermitean Hamilton operatorĤ
WithĤ = H k τ k we can write eq. (116) as
and compare with the general formula
For S =Ŝ we extract
which yieldsĤ in terms ofŜ. We observe that eq. (118) is consistent with eq. (119) only for orthogonal matrices S -otherwise the r.h.s. of eq. (119) is not antisymmetric under the exchange of the indices k and m in the matrix multiplying ρ m , as is the r.h.s. of eq. (118). The unitary transformation in quantum mechanics can easily be related to an appropriate time evolution of classical probabilities on the level of micro-states. Consider first the minimal manifold of micro-states S 2 . It is sufficient that the classical time evolution of p(f s ) is described by a rotation of the three-dimensional unit vector (f 1 , f 2 , f 3 ) or a corresponding rotation of the angles (ϕ, ϑ). Let us consider a statistical system where the probability distribution at time t 1 , p(ϑ, ϕ; t 1 ), changes at some later time t 2 to
where
is given by a time dependent rotation on S 2 , and similar for ϕ ′ . We can then compute the time dependence of the elements of the density matrix
where ϑ(ϑ ′ , ϕ ′ , t 2 , t 1 ) expresses the "fixed angle" ϑ in terms of the "rotating angle" ϑ ′ . Since f k is a unit vector on S 2 one has
withŜ kl an orthogonal matrix depending on time. Insertion into eq. (122) yields
As we have shown above, the orthogonal transformation (109) results in the unitary quantum evolution (116), (117). The generalization to extend manifolds of micro-states or to substates is straightforward. If the states of the extended manifold are characterized by (ϑ, ϕ) and additional parameters α (which are assumed to be invariant under rotations) the probability distribution p(ϑ, ϕ, α, t) has to change according to eq. (121), with α kept fixed.
Decoherence and syncoherence
We next consider the general case of the evolution (109) where S kl is not necessarily an orthogonal matrix. An arbitrary change of the vector ρ k can be written as a combination of an orthogonal transformation and a scaling, S kl =Ŝ kl d. This adds to eq. (116) a scaling part
For negative D the density matrix will approach equipartition, ρ = 1 2 , ρ k = 0, as time increases. This describes decoherence of a quantum system. For positive D the purity tends to increase
For any arbitrary distribution {p σ } a classical pure state has the maximum possible purity, trρ 2 = 1. For positive D the system has therefore a tendency to reach a pure state for large time.
In general, S kl may depend on ρ k , and this also holds for H and D. The standard linear time evolution of quantum mechanics obtains only in the limit whereĤ is independent of ρ and D vanishes. If D depends on ρ k , it will itself depend on time and we may write on effective evolution equation
For trρ 2 = 1 a positive value of D is forbidden by the general properties of the probability distribution. Indeed, for the minimal manifold of micro-states S 2 a pure state has the maximal possible value trρ 2 = 1 -a pure state cannot get purer than pure. This follows directly from the definition of ρ k , cf. eqs. (35), (111) and generalizes to extended manifolds whenever it is possible to project them on S 2 such that eq. (111) holds. We consider here only this type of systems. A positive value D > 0 for P = 1 would then imply a further increase of P , which is excluded. If in the vicinity of pure states D is positive for ensembles with P = ρ k ρ k < 1, we conclude that β D must have a zero for D = 0 and P = 1. If this fixed point is attractive for increasing t, a pure state will be approached asymptotically. Unitarity of the time evolution is then a simple consequence of the system approaching this fixed point for large t. We call this approach to a pure state syncoherence. A physical example is a mixed state of a an atom involving different energy levels. Due to radiative decay it can exchange energy with its environment and may finally end in the ground state. This is a pure state if the ground state is not degenerate, and pure states may also be reached for the degenerate case by appropriate "experimental preparation".
The existence of fixed points for P = 0 and P = 1 is quite generic. The precise form of approach depends, of course, on the system. If β D admits a Taylor expansion for the fixed point at P = 1 and D = 0, the lowest order terms are
where the coefficients may depend on ρ k / Trρ 2 and H k . In the vicinity of the fixed point and for approximately constant a and b eq. (128) implies an exponential approach to the pure state,
provided a > 0 , 0 < b < a 2 /4.
Hamiltonian quantum evolution
If the fixed point with D = 0 is approached for a sufficiently large time, we will encounter the standard linear unitary time evolution of quantum mechanics ifĤ becomes independent of ρ k at the fixed point. Otherwise, the system would be attracted to a unitary, but non-linear extended version of quantum mechanics -a possibility that is highly interesting in its own right. We should note, however, that symmetries may enforce linear quantum mechanics. For example, if SO(3) symmetry is realized at the fixed point, the Hamiltonian can depend on ρ k only via the invariant ρ k ρ k . This approaches a constant, and therefore the fixed point value ofĤ has to be independent of ρ k .
The case whereĤ becomes independent of ρ k at the fixed point for P = 1 seems rather generic. It corresponds to the Hamiltonian evolution of quantum mechanical pure states (117). ForĤ independent of ρ k we may writê
where the coefficients H k , H 0 do not depend on the quantum state or on t. ThereforeĤ can be associated with an observable of the system (40). SinceĤ generates the time translation we infer from Noether's theorem that this observable is the conserved energy of the system. This demonstrates how the pure state fixed point is related to the isolation of the system from its environment in the sense that no energy is exchanged. In summary of this section, we find that the quantum mechanical time evolution can emerge naturally from a large class of time evolving probabilities p σ (t) (108). The reduction to the time evolution of the density matrix (125) is always possible. Generic time evolutions may be attracted either to quantum mechanical equipartition, ρ k = 0, or to a pure quantum state. The asymptotic approach to the pure quantum state fixed point could provide an explanation why we can observe so many quantum systems in nature. Indeed, if we consider our system as a subsystem of a much larger system, the time evolution of the subsystem may allow for dissipation of energy into the larger system. Quite often, the lowest energy state is a pure state which may be approached for large time. A mixed state of atoms in various energy levels will after some time be found in the pure ground state if energy can be dissipated by radiation.
XI. PSEUDO QUANTUM SYSTEMS
We have seen how quantum mechanics arises from classical statistics in the limit of infinitely many micro-states, if probabilistic observables and conditional correlations are considered and the time evolution conserves purity. It is interesting to ask if "approximate quantum behavior" can be observed if the number N of micro-states remains finite. The investigation of systems with finite N may also be relevant for practical computations of quantum systems, in the sense that one may consider a series with increasing N and take the limit N → ∞ for which all quantities should converge to the quantities in the quantum system. We will call a classical statistical system with finite N a "pseudo quantum system" if it fulfills the following criteria:
(ii) A group of discrete symmetry transformations G N acts in the space of f k . It is a subgroup of SO (3) and converges to SO(3) in the limit N → ∞. (For the concrete example in sect. 3 this subgroup is Z N , but we consider here more general cases and three dimensional discrete rotations.) (iii) One considers N two-level probabilistic observables, labeled by unit vectors (e k ), k e 2 k = 1, i.e. A(e k ). The symmetry group G N also acts on e k , such that the scalar product k e k f k is invariant. The mean values in the micro-states σ = f k are given bȳ
and the expectation values read
If we consider conditional correlations, these pseudoquantum systems will converge to two-state quantum mechanics for N → ∞. (Generalizations for quantum mechanics with more than two states are possible, but will not be considered in this section.) We want to understand the differences between the pseudo quantum systems and quantum mechanics. For this purpose we first perform the reduction of the degrees of freedom to three effective micro-states, with effective probabilities ρ k . This reduction should keep the expectation values of all observables A(e k ) unchanged. It can be achieved by
where the sum is over all micro-states. This guarantees that the expectation values of all spins can indeed be written as
verifying eq. (38). We observe that the expression (135) has no ambiguity and does not depend on which effective micro-state is selected while the others are integrated out. At this point the only difference to quantum mechanics is the restricted range of f k , which results is a restricted range of ρ k . This range has the geometry of a (three-dimensional) polygone with N corners, where the corners are given by the vectors f k and correspond to the classical pure states. It approaches the sphere in the limit N → ∞ as a result of SO(3)-symmetry. Thus the limiting SO(3)-symmetry guarantees that quantum mechanics is reached in the limit N → ∞. The conditional correlations are defined for the pseudo quantum system just as for the quantum system. (The only difference may be a restricted number of observables A(e k ).) The formalism of quantum mechanics can be applied to pseudo quantum systems, with the only restriction that the range of ρ k and therefore the number of pure states |ψ is restricted -there are precisely N different pure states |ψ instead of a continuum. Also the number of observables may change from the continuous family of spins to a finite number A(e k ), but this is not necessary.
These differences are necessarily reflected in the time evolution. For pure states, a unitary evolution is only possible for discrete steps τ i , corresponding to the allowed discrete symmetry transformations of the group G N . Then the Hamilton operator becomes the transfer matrix. Alternatively, one may consider a continuous time evolution which does not respect the conservation of purity, such that P = k ρ 2 k < 1 for times in the interval between the discrete time steps for which a pure state is transformed into another pure state, τ i ≤ t ≤ τ i+1 . Unitarity is violated for these intermediate times, but restored whenever t reaches τ i . It is therefore maintained in the average for long enough time in units of τ i+1 − τ i .
Pseudo quantum systems can only occur if the continuous symmetry SO(3) is violated and reduced to a discrete subgroup G N . Inversely, a classical statistical system with SO(3)-symmetry has necessarily infinitely many microstates. Quantum mechanics arises whenever the time evolution of classical probabilities can be described by SO(3)-rotations, provided the appropriate two-level operators and conditional correlations are considered. In this sense it is not a very special situation within classical statistics. We emphasize that the SO(3) rotations do not necessarily reflect the rotations in physical space, but may be more abstract isospin-type rotations. It is not necessary that the system is SO(3)-symmetric. Rather it is sufficient that the time evolution describes a continuous trajectory on S 2 . For example, the trajectories may be U (1)-rotations, as for the quantum mechanics of a spin in a homogeneous magnetic field. Continuous rotations can also arise if the Hamiltonian has no continuous symmetry at all.
XII. REALIZATIONS OF PROBABILISTIC OBSERVABLES
Probabilistic observables play an important role in the derivation of the laws of quantum mechanics from classical statistics presented in this paper. Two attitudes towards this concept are possible. One takes probabilistic observables as the basic concept. It may be motivated by the assumption that the description of reality is genuinly probabilistic. If the state of the world can only be described by probabilistic concepts, it seems natural that the basic notion of an observable should also be probabilistic. Taking this attitude, the probabilistic character of an observable is the genuine situation. Classical observables that take a sharp value in all micro-states of the system are then a special case, corresponding to an idealization.
As an alternative, one may also follow an approach where classical observables are the basic objects. Probabilistic observables are then an effective concept that arises if several states are grouped together into a new intermediate state, which may then be treated as a micro-state on a higher level. This approach resembles the familiar concept of block spins. In this section we compare both concepts in our setting where quantum physics arises from classical statistics. We emphasize that our description of the two-state quantum system does not depend on how the probabilistic observables are implemented -either as "fundamental" or a "composite" objects.
Realization as classical observables
We start with the implementation in terms of classical observables where the probabilistic observables appear as composite objects. In this case the micro-states of this paper correspond to the intermediate states. They are composed of substates, i.e. the "true microscopic states" for which the observables take fixed values. We have already briefly alluded to this concept in sects. II, III. Consider the spin observable A (1) or A(e k ) = A(1, 0, 0). Since in every micro-state (f k ) it is characterized by relative probabilities for values ±1, one needs a classical observable which can only take either the values +1 or −1 for any substate. One therefore needs at least two substates for any micro-state withĀ f k (1, 0, 0) = ±1. The mean value in the micro-state (f k ),Ā f k (1, 0, 0), is then given by the relative probabilities of the two substates. For a given f k these relative probabilities are fixed "once and forever". Our setting and the quantum mechanical time evolution do not describe situations where these relative probabilities between the substates change.
At this point we have derived the composite probabilistic observable A(1, 0, 0) from a classical observable 
, the probabilities of the substates are given by
, and the mean value of A(1, 0, 0) in the micro-state (f k ) reads
We next add a second two-level observable A (2) = A(0, 1, 0). Since the relative probabilities w ± (f k ) are already fixed by the mean valuesĀ f k (1, 0, 0), we need a furher classical observable A (C) ′ that again takes values +1 or −1. Each substate needed for a description of A(1, 0, 0) has to be divided again into two further substates, such that each state (f k ) has now four substates. This process continues if we add the "diagonal spins" A N and 2 N/2 substates for every state (f k ). More formally, the possible states of the ensemble can be characterized by f k ; {γ(g k )} , where f k ∈ S 2 , g k ∈ S 2 /Z 2 (using γ(−g k ) = −γ(g k )) and γ(g k ) = ±1 associates to every direction g k a separate discrete variable. The probabilities of these states read (in a discrete notation for finite
All observables A(e k ) have a fixed value +1 or −1 in every state, given by γ(e k ). (In other words, the observable A(e k ) picks out a specific γ(g k = e k ) and is independent of all γ(g k = e k ).) Integrating out the substates yields
andĀ
such that one recovers the micro-states f k and the probabilistic observables at an intermediate level. In principle, one could try to realize this situation by a "hidden variable theory". For N → ∞ this would involve infinitely many discrete variables γ(g k ) plus two continuous angular variables which take values on S 2 (i.e. f k ). Some law (deterministic or not) would have to reproduce the probability distribution (136) for finding the values f k ; γ(g k ) of the hidden variables.
While such a description of probabilistic observables in terms of classical observables is possible, it needs for large N a very high number of subststates. In consequence, one encounters a very high degree of redundancy of the description by unobservable quantities. In addition, the fact that the relative probabilities for the substates do not change in the course of the time evolution may need some explanation. Part of the complexity arises in this case from our use of microstates with fixed distributions for the probabilistic observables. Omitting the microstates one can construct much simpler classical statistical ensembles that realize two-state quantum mechanics. An explicit example for a classical statistical ensemble that describes two-state quantum mechanics together with its environment can be found in [15] .
Fundamental probabilistic observables
Alternatively, we may consider the notion of probabilistic observables as fundamental. We may still formulate the probabilistic observables in terms of a "basic observable" which takes values B = ±1. However, one such observable will now be sufficient for a description of all A(e k ). As a fundamental object, a probabilistic observable is defined by the relative probabilities w ± (f k ) to observe B = 1 or B = −1 in a given state (f k ). Different probabilities w ± (f k ) simply define different probabilistic observables. Instead of considering one fixed value of w ± (f k ), a change of the relative probability for a given (f k ) describes now the change from one observable to another.
The required relative probabilities w + (f k ) are easily computed for all two level observables A(e k ) as
We may still introduce two substates (f + k ) and f − k ) for each micro-state (f k ), and consider B as a classical observable that takes the value B = 1 for all substates (f + k ) and B = −1 for all substates (f − k ). However, the relative probability with which the substates are counted depends now on the observable A(e k ) according to eq. (139). This dependence on e k appears manifestly in the expectation values
Herep e k (f k , γ) is the effective probability with which the possible values of B, namely γ = ±1, are counted for every substate. It obeysp(f k , γ) ≥ 0 and {f k } γp (f k , γ) = 1. However,p depends now on the observable, i.e. on e k . This is a major difference from the usual setting in classical statistics. It reflects the probabilistic nature of the observables, where part of the probability information is used for the definition of the observable -in our case the relative substate probability (139). We note in this context that eqs. For fundamental probabilistic observables the correspondence between classical statistics entities and quantum mechanical objects becomes quite close. The basic variable B in classical statistics can only take the values ±1, corresponding to the eigenvalues of the normalized spin operators in quantum mechanics and therefore to the possible outcome of a single measurement of the observables. The continuum of classical pure states on S 2 corresponds to the continuum of quantum mechanical pure states. The continuum of classical spin observables A(e k ) corresponds to the continuum of normalized spin operators in two-state quantum mechanics. In the classical statistics setting the mixed states are described at this stage by infinitely many probabilities p(f k ), while the density matrix ρ in quantum mechanics needs only one probability w to decompose ρ = wρ
(1) +(1−w)ρ (2) into two pure state density matrices ρ (1) and ρ (2) . In this respect, classical statistics remains redundant. It describes quantities p(f k ) that cannot be determined by measurements of the two-level observables A(e k ). The redundancy can be removed by integrating over the micro-states using eq. (134)
The formula (141) permits also a different interpretation. One may consider B as the true observable of the system, with discrete values +1 or −1 in the two "basic states". The basic states are further characterized by "external properties", namely the "state of the atom" labeld by ρ k = √ P f k , and the "measurement orientation", labeled by e k . Thus a basic state can be parameterized by four angles, the purity and one discrete variable (f k , e k , P ; γ), with f k ∈ S 2 , e k ∈ S 2 /Z 2 , P ∈ [0, 1], γ ∈ Z 2 . The probabilities for the two basic states obey
such that actually only the relative angle ϕ between the atom-polarization and the apparatus orientation matters, i.e. f k e k = cos ϕ. One has obviously
This point of view reflects precisely the setting of the Stern-Gerlach experiment, which splits an incoming polarized atom beam into two beams with different directions, corresponding to B = ±1. The probability of finding an atom in the B = 1 direction only depends on the angle between the polarization and the inhomogeneous magnetic field of the apparatus, as given by k f k e k , and on the degree of polarization, as given by P . It obtains from eq. (142) with γ = 1. In this setting the time evolution of the "atom state" is described by the deterministic evolution equation for the "external parameters" ρ k . The shift in the point of view as compared to the probabilistic observables A(e k ) consists in attributing the information contained in e k to the basic state, rather than to the observable. The price for the simplicity of this picture is, of course, the explicit appearance of the "measurement orientation" in the relative probability for the B = 1 and B = −1 states. The probability of finding B = 1 or B = −1 not only depends on the state of the atom, but also on the state of the apparatus used for the measurements.
In the formulation with substates, a given substate f k , {γ(e k )} contains simultaneously the information about the values of infinitely many observables A(e k ). The orientation of the measurement apparatus then decides which one of the A(e k ) measured. In contrast, the picture with basis states has only one "basis observable" B. One has to specify the condition under which it can be measured through the measurement orientation e k . No apparatus must actually be present -eq. (142) defines the outcome for all possible measurement directions. For an actual measurement, the orientation of the apparatus then decides which one of the e k applies for the given measurement situation.
XIII. FOUR STATE QUANTUM SYSTEM AND ENTANGLEMENT
Most of the conceptual issues how quantum mechanics emerges from a classical statistical setting can be described in the simplest system which corresponds to two state quantum mechanics. For keeping the discussion as simple as possible we have so far concentrated on this system. Certain important features of quantum mechanics, as the phenomenon of entanglement, are visible, however, only in more complex systems, as four state quantum mechanics. This also applies to the inconsistencies of certain approaches to a classical implementation of quantum mechanics, which become apparent by applying the KochenSpecker theorem. They only arise if three or more quantum states are involved. (No such inconsistency arises in our approach.) A classical statistical ensemble which corresponds to four state quantum mechanics and the phenomenon of entanglement have been discussed in ref. [16] . For the sake of completeness of this paper we resume in this section certain key features of this work.
Four-state quantum system
Let us again consider a classical statistical ensemble, with microstates σ labeled by a number of real parameters f k and probabilities
The manifold of micro-states parameterized by f k is now different from S 2 and will be specified below. We sometimes employ a discrete language corresponding to a finite number of values for f k , such that a "classical pure state" has p(f k ) = 1 for one particular microstate f k , while p vanishes for all other microstates. It is understood that we take a continuum limit with an infinite number of micro-states and a continuous vector f = (f 1 , f 2 . . . ). Also the class of possible quantum observables will be extended beyond the two-level observables. Four state quantum mechanics has three linearly independent commuting operators and we will see that they correspond to the possibility to measure more than one bit simultaneously.
We concentrate on possible measurements that can only resolve two bits. (In a quantum language this corresponds to two spins that can only have the values up or down.) For any individual measurement, the measurement-device or apparatus can only take the values +1 or −1 for bit 1 and the same for bit 2. In total there are four possible outcomes of an individual measurement, i.e. (++), (+−), (−+) and (−−). We describe measurements of one bit again by twolevel observables A that are characterized by the probabilities w + (f k ) to find a value +1 or −1 in any given microstate f k . As before, the mean value of A in a microstate f k reads
and the ensemble average obeys
We concentrate first on three such "two-level observables", namely T 1 for the measurement of bit 1, T 2 for the measurement of bit 2, and T 3 for the product of bit 1 and bit 2. Denoting by W ++ , W +− , W −+ and W −− the probabilities to measure in the ensemble the outcomes (++), (+−), (−+) and (−−), one has
such that W ++ etc. can be found from the average values of the three observables T m . For a classical eigenstate of the observable T 1 with eigenvalue T 1 = 1 the probability for all states withT 1 (f k ) < 1 must vanish. Such a pure state leads to W −+ = W −− = 0. Let us now specify our system. For the manifold of all microstates we choose the homogeneous space SU (4)/SU (3) × U (1). We parameterize the embedding space Ê 15 by the 15 components f k of a vector (k = 1 . . . 15). It is normalized according to k f 2 k = 3, and obeys eight additional constraints that reduce the independent coordinates to six, as appropriate for the dimension of SU (4)/SU (3) × U (1). An easy way to obtain the constraints for f k employs a hermitean 4 × 4 matrixρ,
(Summation over repeated indices is always implied.) Here L k are fifteen 4 × 4 matrices obeying
They read explicitly (with τ k the Pauli 2 × 2 matrices) 
for some appropriate unitary matrix U . This implies
The observables T 1,2,3 are specified byT m (f k ) = f m , m = 1, 2, 3, which is equivalent to the specification of w (Tm) ± (f k ) in eq. (144). Already at this stage we get a glance on the possibility of entanglement, since pure states with f 1 = f 2 = 0 , f 3 = −1 will lead to T 1 = T 2 = 0, T 3 = −1, and therefore to a correlation for opposite values of bit 1 and bit 2,
. We label these twolevel observables by a real vector with components e k , with e k (T m ) = δ km , m = 1 . . . 3 , k = 1 . . . 15. The mean value of T m in a given microstate f k can then be written in the form (with e k ≡ e k (T m ))
Similar to eq. (40) we represent an observable A(e k ), labeled by e k , in terms of a hermitean operator
with k e 2 k = 1 forÂ 2 = 1. In this language one finds
We define a density matrix by
Eq. (145) yields the familiar quantum law for expectation values
Much of the details of the classical probability distribution for mixed states cannot be resolved by measurements of T m -only the entries of the density matrix ρ k matter. In contrast, for classical pure states only one microstate f k contributes, with ρ k = f k , ρ =ρ, and therefore ρ 2 = ρ as appropriate for a quantum pure state density matrix.
The description of pure states in terms of wave functions ψ α , ψ † ψ = 1, can be obtained from the density matrix in a standard way,ρ αβ = ψ α ψ * β , ψ α = U αβ (ψ 1 ) β , (ψ m ) α = δ mα . This expresses the f k as a quadratic form in the complex four-vector ψ α ,
and shows directly that only six components of f k are independent. The quantum mechanical wave function ψ appears here as a convenient way to parameterize the manifold of microstates in classical statistics. The classical pure states are in one to one correspondence to the quantum pure states. For a pure state the purity ρ k ρ k (112) equals three.
Entanglement
Let us next discuss a classical ensemble that realizes a typical entangled quantum state. We consider the wave functions
with associated pure state density matrices ρ ± . These states are eigenstates toT 3 with eigenvalue −1. Writing
we infer for the corresponding classical pure state f 3 = −1 , f 12 = ±1 , f 14 = ∓1, and all other f k vanishing. Thus T 1 = T 2 = 0 implies that the values of bit 1 and bit 2 are randomly distributed, with equal probabilities to find +1 or −1. Nevertheless due to T 3 = −1, the product of both bits has a fixed value. Whenever bit 1 is measured to be positive, one is certain that a measurement of bit 2 yields a negative value, and vice versa. The two bits are maximally anticorrelated. We denote the conditional probability to find a value ǫ for bit 2 if bit 1 has been measured to have a value γ by p(ǫ; γ). For our entangled state it obeys p(1; 1) = p(−1; −1) = 0 , p(1; −1) = p(−1; 1) = 1. We will see below that for a typical entangled state further observables are strongly correlated or anticorrelated. Beyond T 1,2,3 we consider a set of fifteen basis observables T k , k = 1 . . . 15. They are all two-level observables with spectrum ±1, specified by the mean value in a microstate f kT
The ensemble averages of the basis observables
characterize the quantum state, cf. eq. (154). We can generalize eq. (152) for arbitrary m, with e k (T m ) = δ km , and obtain L k as the quantum operators associated to T k by eq. (153). Let us now describe the measurement of two spin observables with a relative rotation in the entangled state given by ρ − (158). A rotated first spin observable A(ϑ) has the associated operatorÂ(ϑ) = cos ϑL 1 + sin ϑL 8 , while a rotated second spin observable B(ϕ) is associated toB(ϕ) = cos ϕL 2 + sin ϕL 4 . This is most easily seen in a direct product basis where
In this basis the entangled state density matrix ρ − (158) takes the intuitive form
All three spin components are maximally anticorrelated.
As we have discussed in sect. VII extensively, the product of two measurements of two spin observables is given by the conditional quantum correlation
Here the conditional probabilities are evaluated for minimally destructive measurements -details can be found in ref. [14, 15] . For a general state one finds for the rotated spins the correlation A(ϑ)B(ϕ) m = cos ϑ cos ϕρ 3 + cos ϑ sin ϕρ 6 (164) + sin ϑ cos ϕρ 10 + sin ϑ sin ϕρ 12 .
For the entangled state ρ − (158) one has ρ 3 = ρ 12 = −1, ρ 6 = ρ 10 = 0 and therefore
This is the same correlation as for quantum mechanics. In contrast, we may consider the "classical correlation function" 
The classical correlation (166) and the conditional correlation (165) are clearly different. ReplacingC cl in eq. (167) byC m as given by eq. (165), one finds that the inequality is violated for a range of angles, for example for ϑ 1 = π/2, ϑ 2 = π/4. This demonstrates again the crucial importance of the use of the appropriate correlation function for the description of the outcome of two measurements.
Interference
Other interesting quantum phenomena are the superposition of states and interference. Consider two pure quantum states that evolve in time according to
The corresponding density matrices are time independent,
Both states describe an eigenstate of the first bit, T 1 = 1, whereas the second bit is randomly distributed, T 2 = 0. Due to the time dependent phase, the interference can be positive or negative for the superposition of both states, ψ =
as known from the oscillation of a spin in the z-direction for a superposition of spin-eigenstates in the x-direction, with different energies for the positive and negative S x eigenvalues. A classical rotation f 2 = f 3 = cos(∆t) reproduces the "interference pattern" (169). An evolution law ∂ t f 2 = ∆f 5 , ∂ t f 5 = −∆f 2 , f 3 = f 2 , f 7 = f 5 , f 1 = 1 , f k = 0 otherwise, has solutions leading to a density matrix which corresponds to the superposed state ψ,
(170) A classical statistical time evolution can yield the same dependence of expectation values as the quantum mechanical interference pattern.
Fermions and bosons
Our classical statistics setting can also describe identical bosons or fermions. We may identify the two bits with two particles that can have spin up or down,
If the particles are identical, no distinction between bit 1 and bit 2 should be possible. This requires that the system must be symmetric under the exchange of the two bits, imposing restrictions on the allowed probability distributions p(f k ). The symmetry transformation corresponds to an exchange of the second and third rows and columns ofρ. On the level of the f k this amounts to a mapping 15 , while f 3 , f 12 and f 14 remain invariant. Allowed probability distributions must obey p(f
In particular, the allowed pure states are restricted by
Consider the pure states ψ + and ψ − in eq. (157). For both states the density matrix ρ ± is compatible with the symmetry. This does not hold for the density matrices corresponding to the states ψ 2 or ψ 3 . In fact, linear superpositions of ψ + and ψ − are forbidden by the symmetry, a pure state aψ − + bψ + must have a = 0 or b = 0. The symmetry requirement acts as a "superselection rule" for the allowed pure states or density matrices. For an arbitrary state vector aψ − + bψ + + cψ 1 + dψ 4 the symmetry of ρ requires either a = 0 or b = c = d = 0. We observe that ψ − switches sign under the symmetry transformation as characteristic for a state consisting of two identical fermions. In contrast, the boson wave function ψ = bψ + + cψ 1 + dψ 2 is invariant under the "particle exchange symmetry".
XIV. PROBABILISTIC REALISM
We have explicitly constructed a classical statistical setting which realizes all laws of quantum mechanics. This construction is independent of the conceptual and philosophical interpretations of quantum mechanics. Nevertheless, it may have important conceptual consequences. In this section we argue that our setting is not in contradiction with physical realism, nor with locality in the sense that no signals traveling faster than light are needed. The quantum statistical systems are characterized, however, by a property of statistical "incompleteness", in the sense that joint probabilities cannot be used for the prediction of outcomes of measurements of arbitrary pairs of observables. This "incompleteness" is intrinsic for quantum systemspossible additional, more complete statistical information about joint probabilities is irrelevant for the outcome of measurements of the quantum observables. It can only specify some information about the "environment" of the quantum system. Statistical completeness for all observables, which means the availability and use of joint probabilities for measurement correlations of all pairs of observables, implies Bell's inequalities and therefore contradicts the observational evidence for quantum correlations. "Local hidden variable theories" usually assume statistical completeness. Such theories are not compatible with our setting.
From our point of view the most general description of physical reality is genuinely probabilistic [22] . Statements about reality concern expectation values and measurement correlations for observables. They are assumed to be, in principle, independent of the observer -the physical reality of correlations exists independently of an observer looking at them or not. In view of the presence of correlations in the cosmic microwave background emitted about 400 000 years after the big bang and concerning wavelengths of the size of the observable universe, it may indeed reasonably be assumed that such correlations are independent of a possible observation. This does not exclude that in some particular cases the correlations depend on the experimental setup -after all, the apparatus is part of the physical reality.
We may quote the EPR-criterion [1] for the existence of an element of physical reality: "if, without in any way disturbing the system, we can predict with certainty (i.e. with probability equal to unity) the value of a physical quantity, then there exists an element of physical reality corresponding to this physical quantity". In the conceptual setting of "probabilistic realism" statistical correlations should be considered as possible "elements of physical reality". We will argue that in the typical EPR-case of two spatially separated spins, which are emitted from a spinless source and therefore have opposite directions, the physical reality concerns the maximal anticorrelation of the spins rather than the value of the spin of one of the particles. The essential statement of a physical theory describing the reality is then that the signs of the spins are opposite. This differs from the usual approach, where it is argued that at the moment when one of the spins is measured the value of the second spin is physical reality, and the second spin must therefore have this value even before the measurement if no signals from the measurement of the first spin can reach the second one. As is well known, this implies Bell's inequalities and leads to contradiction with quantum mechanics. In our view, the only element of physical reality which exists before the measurement is the maximal anticorrelation between the two spins. It is a priori not fixed if the necessary element of reality should refer to values of the spins or to correlations. In the present case it concerns the correlation.
Of course, if one spin is measured, the value of the second one is fixed in consequence. After the measurement of one of the spins, one may eliminate all possibilities contradicting this measurement. This corresponds in quantum mechanics to the reduction of the wave function. We emphasize that this needs no exchange of signals and no fixed value of the second spin before the measurement. We could omit the reduction of the wave function, which is a pure tool of convenience, and only describe measurement correlations of events for the original wave function. A physical theory needs, of course, a specification how this correlation is calculated -in our approach as the conditional correlation in terms of the conditional probabilities.
Correlated systems cannot be separated into subsystems for which predictions can be made using only the information available in the subsystems. This is basic knowledge in any statistical system. In our approach it applies to the system of two spatially separated spins. Despite their separation, they cannot be treated as two independent systems of one particle with spin each. This would neglect the correlation. If one tries to do so nevertheless, one runs into conceptual contradictions. Some of the intuitive puzzles for the quantum mechanical system of two particles with total spin zero arise from the tendency to treat one of the particles as an isolated subsystem if it is separated sufficiently far from the other particle. However, due to the existence of correlations, the system always needs to be treated as a whole, even for arbitrarily large separation of the particles. The possibility of nonlocal correlations is well known in statistical physics. This means that observables can be correlated even if they concern spatially separated regions and no signals can be exchanged between these regions. An example are macroscopic correlations between spins in a ferromagnet somewhat above the critical temperature, where the correlation length can reach a macroscopic size. Perhaps even simpler is the phenomenon of order. If the domains of magnetization are large enough, the measurement of the mean spin orientation in one region of the domain allows one to predict immediately the mean spin orientation in other regions of the domain. Therefore a correlation can be predicted even if measurements of the spin orientation are spatially separated in the sense that no signal can propagate between the different regions during the time of the measurement.
Of course, the correlations must have been generated by local physical processes in the past. The original adjustment of the mean values of the spins into a given direction (within one of the ordered domains) must have proceeded by exchange process which can propagate at most with the speed of light. The analogue for the cosmic microwave background is the formation of correlations for metric fluctuations during the inflationary phase, which only later get separated to distances where signal exchange is no longer possible. Precisely the same happens for the spin correlations in the EPR-system with two particles with total spin zero. The correlation originates from the time of the decay of some spinless particle. Its persistence at later time is then simply a consequence of the conservation of angular momentum.
What is then different between the correlations in quantum mechanics and the usual correlation in classical statistical systems, say in thermodynamics? The central issue concerns the question of completeness of the statistical system, rather than issues of locality or reality. We call a statistical system "complete" if joint probabilities are defined for all pairs of observables, and if the measurement correlations for all pairs of observables are predicted by the joint probabilities
Here a and b are the possible measurement values of the observables A and B, respectively, and p ab denotes the joint probability that the measurement of A yields a and the measurement of B yields b. We note that the property of completeness depends on the set of possible observables of the system. It can be shown that eq. (172) implies Bell's inequalities [4] , [5] , [6] , [7] . One concludes that quantum statistical systems must be incomplete statistical systems. The measurement correlation is not given by eq. (172), as we have already argued in sect. VII. In contrast, for a deterministic "local hidden variable theory" one assumes the existence of some set of hidden variables λ, which determine the values of the observables A and B as a(λ) and b(λ), respectively. Furthermore, it is assumed that for all λ ∈ Λ a probability measure dρ, with Λ dρ = 1, is defined such that
Eq. (173) implies Bell's inequalities. Local hidden variable theories are complete statistical systems. Indeed, we may denote by Λ ab the regions in parameter space for which the observable A takes values in the internal [a − δa, a + δa], and similarly B is found in the internal [b − δbb + δb], with δa, δb specifying the "resolution". The joint probability is then given by
and eq. (173) implies eq. (172) for |δa|, |δb| → 0. (For a discrete spectrum of A and B one does not need δa, δb, in this case dρ is directly given by p ab .) In our formalism with substates τ we could consider τ as hidden variables, since for every τ one has fixed values of the observables A τ , B τ (corresponding to a(λ), b(λ)). The probability p τ to find the substate τ specifies the joint probability. (In case of several states with the same A τ , B τ one has to sum over all such states.) If the classical correlation
would define the measurement correlation, Bell's inequalities would follow. In sect. VII we have argued, however, that this correlation is not appropriate for statistical systems that describe isolated quantum systems since it measures properties of the environment of the system together with system properties. On the level of microstates σ the joint probabilities are not defined any longer. If the measurement correlation would be given by the probabilistic pointwise correlation
this would again imply Bell's inequalities. Again, we have argued that the probabilistic pointwise correlation is not appropriate for the description of measurements of pairs of quantum observables. In contrast, the conditional correlation, which predicts the outcome of pairs of measurements, does not imply Bell's inequalities. Now the joint probabilities p ab are not used for the prediction of the outcome of measurements, since either they are not defined (on the level of microstates), or they do not describe system properties but rather also involve details of the environment which are not measured by a "good quantum measurement" (on the level of substates). We have seen that the conditional correlations precisely describe the correlations in quantum mechanics. The choice of the appropriate correlation function for the prediction of the outcome of measurements of pairs of observables is crucial for the understanding of quantum mechanics.
XV. CONCLUSIONS
We have discussed classical statistical ensembles that exhibit all features of two-state and four-state quantum systems. The quantum mechanical density matrix obtains by reduction of an infinity of classical micro-states to a few effective states. In turn, each micro-state can be obtained by a coarse graining of infinitely many substates. Most of the statistical information concerning the micro-states or substates is not needed for the description of the quantum system. It rather describes properties of the environment. All information relevant for the quantum system is retained by a "coarse graining" to a small number of effective states.
The minimal number of effective states depends on the observables which can describe an isolated (or approximately isolated) partial system as, for example, an atom in its environment. The expectation values of all observables of the partial system can be computed from the "effective probabilities" of the effective states which, in turn, are given by expectation values of suitable basis observables. We have constructed a density matrix from these expectation values. It has all the properties of the density matrix in quantum mechanics. In particular, the expectation values of observables of the partial system obey A =tr(Âρ), precisely the law of quantum mechanics. We have explicitly constructed the quantum mechanical operatorsÂ associated to classical spin observables A. They do not commute.
For pure states with trρ 2 = 1 one can "take the root" of the density matrix by introducing the quantum mechanical wave function ψ in the usual way, with A = ψ †Â ψ. The formalism of quantum mechanics, with probability amplitudes, superposition of states and interference is recovered. The quantum mechanical wave function appears here as a derived quantity rather than the fundamental object in quantum mechanics.
For two-state quantum mechanics the time evolution of the classical probability distribution is equivalent to the unitary time evolution of the density matrix only if the purity of the ensemble is conserved. This condition is generalized to quantum systems with more than two states in [14, 15] . The unitary time evolution of the density matrix should be interpreted as a perfect isolation of the partial system described by the observables. As usual, a unitary evolution is described by a Hamilton operatorĤ. SinceĤ is the generator of time translations it should correspond to the energy of the isolated partial system by virtue of the Noether theorem. A unitary time evolution of a pure state is described by the Schrödinger equation for ψ.
Our construction can be extended beyond the two-state and four-state quantum systems. For M quantum states the manifold of micro-states parameterized by f k corresponds to the homogeneous space SU (M )/SU (M − 1) × U (1), while the discussion of this paper was mainly restricted to M = 2 where SU (2)/U (1) parameterizes the sphere S 2 . Furthermore, an explicit discussion of the phenomena of entanglement, superposition and interference within classical statistics is given for M = 4 in sect. XIII. For identical "particles" this also accounts for the difference between fermions and bosons. We observe that the restriction to a manifold of micro-states SU (M )/SU (M − 1) × U (1) is not necessary. The latter is simply the minimal manifold needed in order to implement an unitary continuous time evolution. One may embed this manifold into a larger manifold of classical states. Then it appears as a projection of the larger ensemble on the minimal manifold of micro-states. The probability distribution on the minimal manifold of micro-states carries all the information needed for the expectation values of the observables of the "isolated system", plus irrelevant additional information if the state is mixed.
The unitary time evolution of quantum mechanics appears as a special case of a wider class of time evolutions of the classical ensemble. We argue that the special case of the unitary evolution of pure states corresponds to a partial fixed point of the more general evolution equations. The general time evolution of the classical ensemble can also account for the phenomenon of decoherence, corresponding to decreasing purity, and "syncoherence" for the increase of purity as the pure state fixed point is approached. This shows that the classical ensemble can describe an incompletely isolated quantum system embedded in its environment, with quantum mechanics as an idealization where the isolation becomes perfect.
In our picture, an atom and its environment are described by a classical statistical ensemble with infinitely many degrees of freedom. If a gas of atoms is dilute enough the picture of an isolated atom becomes a good approximation. Such an isolated atom can be described by a few observables out of the infinitely many possible observables of the whole system. The expectation values and correlations of these observables can be computed by a reduction to effective states, with "effective probabilities" mirrored in the density matrix. The limit of perfect isolation is described by a unitary time evolution -this is quantum mechanics.
